Automorphism groups of poly cyclic- by-finite 
groups and arithmetic groups 



We show that the outer automorphism group of a polycychc-by-finite 
group is an arithmetic group. This result follows from a detailed structural 
analysis of the automorphism groups of such groups. We use an extended 
version of the theory of the algebraic hull functor initiated by Mostow. 
We thus make applicable refined methods from the theory of algebraic 
and arithmetic groups. We also construct examples of polycyclic-by-finite 
groups which have an automorphism group which does not contain an 
arithmetic group of finite index. Finally we discuss applications of our 
results to the groups of homotopy self-equivalences of K{r, l)-spaces and 
obtain an extension of arithmeticity results of Sullivan in rational homo- 
topy theory. 
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1 Introduction 



1.1 The main results 

We write Aut(r) for the group of automorphisms of a group F. The subgroup 
consisting of automorphisms induced by conjugations with elements of F is 
denoted by Innp. It is normal in Aut(F) and the quotient group 

Out(F) := Aut(F)/lnnr 

is called the outer automorphism group of F. This paper is devoted to the 
detailed study of the groups Aut(F) and Out(F) in case F is polycycHc-by- 
finite. Here we say that a group F is f-by-finite whenever £ is a property of 
groups and when F has a subgroup of finite index having property £ . As one of 
our main results we prove: 

Theorem 1.1 For any polycyclic-by-finite group T, Out(F) is an arithmetic 
group. 

To explain the concept of an arithmetic group we recall that a Q-defined linear 
algebraic group G is a subgroup G < GL(n,C) {n G N) which is also an afhne 
algebraic set defined by polynomials with rational coefhcients in the natural 
coordinates of GL(n, C). If i? is a subring of C we put G{R) :— G O GL(n, R). 
We have G = G{C). Let G be a Q-dcfincd linear algebraic group. A subgroup 
F < G(Q) is called an arithmetic subgroup of G if F is commensurable with 
G(Z). An abstract group A is called arithmetic if it is isomorphic to an arith- 
metic subgroup of a Q-defined linear algebraic group. Two subgroups Fi, F2 of 
GL(7i, C) are called commensurable if their intersection Fi n F2 has finite index 
both in Fi and F2. These definitions are taken from |35| . 

In case F is a finitely generated nilpotent group, Segal PH] observed that Out(F) 
contains an arithmetic subgroup of finite index. Such a group need itself not be 
arithmetic, see |23 for examples. Our Theorem ll.ll is a strengthening of Segal's 
result even in this restricted case. The results of Sullivan |i42j imply for finitely 
generated nilpotent groups a still weaker result on their outer automorphism 
groups. We shall come back to this in Section [1.41 A related result, for any 
polycyclic-by-finite group, is proved by Wehrfritz in He shows that Out(F) 
admits a faithful representation into GL(n, Z), for some n, in this general case. 

A role model for these results is the case F = Z" (n e N). Here we have 

Aut(Z") = Out(Z") = GL(n,Z) 

and both Aut(Z") and Out(Z") are arithmetic groups. More generally, Aut(F) 
is arithmetic for every finitely generated nilpotent group F, see Corollary 9, 
Chapter 6] . This result was obtained for torsion- free finitely generated nilpotent 
groups by Auslander and Baumslag, sec A, 5^^. We generalize it to the case 
of finitely generated nilpotent-by- finite groups in Corollarv ll.2l But this is not 
the general picture. We now describe a polycyclic group so that Aut(F) does 
not contain an arithmetic subgroup of finite index. To do this we choose d e N 
not a square, and let K = Q(Vd) be the corresponding real quadratic number 
field and write a; 1— > x for the non-trivial element of the Galois group of K over 



4 



Q. Consider the subring O = Z + Z\/rf < K. By Dirichlet's unit theorem we 
may choose a unit e E O* which is of infinite order and satisfies ee — 1. Define 

D^:^ {A,T I t2 = (At)2^1> (1) 

to be the infinite dihedral group. It is easy to see that F = O x Z obtains the 
structure of a F-module by defining 

A ■ (m, n) = (em, n), r • (to, n) = {rfi, —n) (m E n £ Z). (2) 

We denote the corresponding split extension by 

r(e) := >^ D^. 

The group r(e) is polycyclic and even an arithmetic group, but we have: 

Theorem 1.2 The automorphism group of T{e) does not contain an arithmetic 
group of finite index. 

The statement of Theorem 11.21 is stronger than just saying that the automor- 
phism group of r(e) is not arithmetic, since there are groups (see |2T]) which are 
not arithmetic but which contain a subgroup of finite index which has this prop- 
erty. Our examples show that the structure of the automorphism group varies 
dramatically when T is replaced by one of its subgroups of finite index. It is for 
example easy to see (also from results in Subsection ll.2|l that the automorphism 
group of the subgroup of r(e) which is generated by F and A is an arithmetic 
group. More generally, as we will explain below, every polycyclic-by-finite group 
has a finite index subgroup with an arithmetic automorphism group. 

Theorem ll.2l is complemented by a result of Merzljakov (30) who has proved, for 
any polycyclic group F, that Aut(r) has a faithful representation into GL(n, Z) 
for some n e N. This generalizes also to the case of polycyclic-by-finite groups, 
see 

Let F = Fitt(r) be the Fitting subgroup of F. This is the maximal nilpotent 
normal subgroup of F. Since F is characteristic in F (that is normalized by 
every automorphism of F), we may define 

Arif := {0e Aut(F) | 0| r/F = idr/f }• (3) 

As our main structural result on the automorphism group of a general polycyclic- 
by-finite group we show: 

Theorem 1.3 Let T he a polycyclic-by-finite group. Then Ay\f is a normal 
subgroup of Aut(F) and Ay\f is an arithmetic group. There exists a finitely 
generated nilpotent group B < Aut(F) which consists of inner automorphisms 
such that 

Ar|F • B < Aut(F) 
is a subgroup of finite index in the automorphism group of F. 

This theorem is a more precise version of |SH1 Theorem 2, Chapter 8] and of 
certain similar theorems contained in It has many finiteness properties of 
Aut(F) as a consequence, see PHI Chapter 8]. The fact that Aut(F) is finitely 
presented was first proved by Auslander in pQ. 
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1.2 Outline of the proofs and more results 

We shall describe now the general strategy in our proofs and more results on 
the structure of the automorphism group Aut(r) of a general polycyclic-by-finite 
group r. We take the basic theory of polycyclic-by-finite groups for granted. 
As a reference for our notation and results we use the book 38 . 

A polycyclic-by-finite group T has a maximal finite normal subgroup rp. We 
say that F is a wfn-group if rr = {1}. We first consider the case of polycyclic- 
by-finite groups which are wfn-groups and later reduce to this case. 

Let now F be a polycyclic-by-finite group which is a wfn-group. We use the 
construction from [H| of a Q-defined solvable-by-finite linear algebraic group Hp 
which contains F in its group of Q-rational points. The study of the functorial 
construction F i-^ Hp traces back to work of Mostow j^O^l- The algebraic 
group Hr has special features which allow us to identify the group of algebraic 
automorphisms of Hp, which we call Auta(Hr), with a Q-defined linear alge- 
braic group Ar- In general, the group of algebraic automorphisms of a Q-defined 
algebraic group is an extension of a linear algebraic by an arithmetic group, see 
[T^ . The functoriality of Hp leads to a natural embedding 

Aut(F) < Auta(Hr) =^r. (4) 

These steps are carried out in detail in Sections 01 

After preparations in Sections [3 we prove the following in Sectional 

Theorem 1.4 LetV be a polycyclic-by-finite group which is a wfn-group. Then 
Aut(F) is contained in At{Q)- A subgroup of finite index in Aut(F) is contained 
in ArC^)- The group Ay\f is an arithmetic subgroup in its Zariski-closure in 
Ar. 

Theorem 11.41 is the main step in the proof of Theorem 11.31 which is given in 
Section [TL^ 

In Section EH we develop, starting from results in a theory of proving 

arithmeticity for linear groups which are related to arithmetic groups in certain 
ways. This shows that the situation build up in Theorems 11.41 [T^ implies that 
Out(F) is an arithmetic group for polycyclic-by-finite groups which are wfn- 
groups: To construct a Q-defined algebraic group Or which contains Out(F) as 
an arithmetic subgroup we start off by considering the Zariski-closure B of Ap^p 
in ^r- We then take the quotient group B/C where C is the Zariski-closure of 
limp in ^r- The image of Ar|_F in B/C is an arithmetic subgroup. We show 
that Out(F) is a finite extension group of the quotient Ar|F/lnni? by its central 
subgroup D = (Ar|_F n Innr)/ Innp. We modify the algebraic group B/C to 
obtain a Q-dcfined linear algebraic group £ such that the group D is unipotcnt- 
by-finite, and £ still contains an isomorphic copy of Ay\f/ Inn^? as an arithmetic 
subgroup. The construction ensures that (Ar|F H Innr)/lnni? is arithmetic in 
its Zariski-closure T> in £ and we can prove that Out(F) is arithmetic in a finite 
extension group Op of the quotient £ /T>. The final definition of Op is contained 
in Section Til. II 

To prepare for later applications we introduce some more notation. The group 
of inner automorphisms InuHr is by our constructions a Q-closed subgroup of 
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the group of algebraic automorphisms .4r = Auta(Hr). We call the quotient 

Out„(Hr) :-^r/lnnHr (5) 

the algebraic outer automorphism group of Hr- It is again a Q-defined linear 
algebraic group, and we obtain a group homomorphism 

TTr : Out(r) ^ Out,(Hr) (6) 

by restricting the quotient homomorphism ^ Outa(Hr) to the subgroup 
Aut(r) < ^r- We then prove in Section [Tm 

Theorem 1.5 LetV be a polycyclic-by-finite group which is a wfn-group. Then 
there is a Q-defined linear algebraic group Or which contains Out(r) as an 
arithmetic subgroup and a Q-defined homomorphism Tr^p : Or —>■ Outa(Hr) 
such that the diagram 

Out(r) ^Or (7) 

TTr 

Out,(Hr) 

is commutative. The kernel of nr is finitely generated, abelian-by-finite and is 
centralized by a finite index subgroup o/Out(r). // F is nilpotent-by- finite then 
the kernel of TTr is finite. 

We shall start the discussion of the general situation now. Let F be a polycyclic- 
by-finite group, possibly with Tr non-trivial. Building on an idea of liiSI Chapter 
6, exercise 10 ] for nilpotent groups, we show in Section 111.21 

Proposition 1.6 Let F be polycyclic-by-finite group and let Tr denote its max- 
imal finite normal subgroup. Then the groups Aut(r) and Aut(r/Tr) are com- 
mensurable. //Aut(r/Tr) is an arithmetic group then KniiT) is arithmetic too. 
//Aut(F) is an arithmetic group then Aut(r/Tr) contains a subgroup of finite 
index which is an arithmetic group. 

Recall that two abstract groups G and G' are called commensurable if they 
contain finite index subgroups Gq < G and G'q < G' which are isomorphic. 
The examples in |21| show that a group can contain an arithmetic subgroup 
of finite index without being an arithmetic group. We do not know whether 
this phenomenon can arise in the situation of Proposition 11.61 As proved in 
|21|. all arithmetic subgroups in algebraic groups which do not have a quotient 
isomorphic to PSL(2) have only arithmetic groups as finite extensions. 
The groups Out(r) and Out(r/Tr) satisfy a weaker equivalence relation (they 
are called S- commensurable, see Section If .4(1 . 

Proposition 1.7 The natural homomorphism Out(F) Out(F) has finite ker- 
nel and maps Out(r) onto a finite index subgroup of Out(r/Tr). 

Clearly, F/rr is a wfn-group. From Thcorcm ll.Sl we already know that Out(r/Tr) 
is an arithmetic group. We further know from 44 that Out(F) is isomorphic to 
a subgroup of GL(n, Z), for some n E N, and hence is residually finite. Recall 
that a group G is called residually finite if for every g € G with g =/= I there 
is a subgroup of finite index in G not containing g. We complete the proof of 
Theorem 1 1.1 1 in the general case by the following result. 
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Proposition 1.8 Let A be a residually finite group and E a finite normal sub- 
group in A. If A/E is arithmetic then A is an arithmetic group. 

In Deligne constructs lattices (in non-linear) Lie groups which map onto 
arithmetic groups with finite kernel but which are not residually finite. The 
above gives a strong converse to this result. 

To contrast the examples from Theorem ll.2l we formulate now a simple condition 
on a polycyclic- by- finite group which implies that Aut(r) is an arithmetic group. 
We write A : F ^ F = F/rr for the projection homomorphism. We define 

F{T) -.^ X-\Fitt{r)). (8) 

From general theory we infer that F{T) is normal in F and that F/i^(F) is an 
abelian-by-finite group. Suppose that S < F is a normal subgroup of finite 
index with F(F) < S and the additional property that Y^/F{T) is abelian. Then 
the finite group /i(F,I]) = F/E acts through conjugation on the abelian group 
I]/F(r). We prove: 

Theorem 1.9 Let T be a polycyclic-by-finite group. Assume that there is a 
normal subgroup S < F which is of finite index, and such that T,/F(T) is abelian 
and /i(F, S) = F/E acts trivially on E/_F(F). Then Aut(F) is an arithmetic 
group. 

Theorem II. 91 has the following immediate corollaries. 

Corollary 1.10 LetT be a polycyclic-by-finite group. If F/Fitt(F) is nilpotent 
then Aut(F) is an arithmetic group. 

Corollary 1.11 The automorphism group of a finitely generated and nilpotent- 
by-finite group is an arithmetic group. 

Corollary 1.12 Every polycylic-by-finite group has a finite index subgroup whose 
automorphism group is arithmetic. 

Analogues of Theorem ll . 91 and CoroUarv ll.lOl have been proved in for arith- 
metic polycyclic-by-finite groups. The book j88| contains in Chapter 8 various 
results which also show the arithmeticity of Aut(F), but the hypotheses on F 
are a lot stronger than ours. 

1.3 Cohomological representations 

Let F be a torsion-free polycyclic-by-finite group, and R a commutative ring. 
Let H*(F, R) denote the cohomology of F with (trivial) /^-coefficients. Since in- 
ner automorphisms act trivially on cohomology, the outer automorphism group 
Out(F) is naturally represented on the cohomology space H*(F,i?). The finite 
dimensional complex vector space H*(F, C) comes with an Z-structure (and a 
resulting Q-structure) given by the image of the base change homomorphism 
H*(F, Z) -> H*(F, C). This allows us to identify GL(H*(F, C)) with a Q-defined 
linear algebraic group. The representation 

p: Out(F) ^ GL(H*(F,C)) (9) 
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is integral with respect to the above Z-structure. Moreover, we define in Section 
113.31 building on geometric methods developed in 0, a Q-defined homomor- 
phism 

77 : Out,(Hr) ^ GL(H*(r, C)) (10) 

which extends the homomorphism p via our homomorphism Tr^p from Proposi- 
tion ^31 By composition, we obtain a Q-defined homomorphism 

:-?7 7rop : Or^ GL(H*(r,C)). (11) 

We collect all of this together in the following theorem: 

Theorem 1.13 LetT be a torsion-free polycyclic-by-finite group. Then there is 
a Q-defined homomorphism por '■ C'r — > GL(H*(r, C)) such that the diagram 

Out(r) ^ Or (12) 

p 

GL(H*(r,C)) 

is commutative. 

Thus, the Zariski-closure of the image of Out(r) in GL(H*(r,C)) is a Q-closed 
subgroup and we have: 

Theorem 1.14 Let T be a torsion-free polycyclic-by-finite group. Then the 
cohomology image p(Out(r)) is an arithmetic subgroup of its Zariski-closure in 
GL(H*(r,C)). The kernel of p is a finitely generated subgroup o/Out(r). // T 
is in addition nilpotent then the kernel of p is nilpotent by- finite. 

1.4 Applications to the groups of homotopy self-equiva- 
lences of spaces 

Let r be a group. The motivation to study the structure of Out(r) comes 
partially from topology since Out(r), for example, is naturally isomorphic to the 
group of homotopy classes of homotopy self-equivalences of any K{T, l)-space 
(see mi). A substantial theory using this tie between algebra and topology has 
been developed starting from the work of Sullivan We shall explain here 
the connections of our work with Sullivan's theory as described in )42| and we 
also mention the additions we can make to Sullivan's theory. 

Sullivan considers spaces X which have a nilpotent homotopy system of finite 
type, that is, the homotopy groups 

(7ri(X);7r2(X),7r3(X),...) 

are all finitely generated, ■ni{X) is torsion-free nilpotent and acts nilpotently 
on all 7ri(X) (i > 2). Sullivan associates to such a space X the minimal model 
of the Q-polynomial forms of some complex representing X . This is a finitely 
generated nilpotent differential algebra defined over Q, it is called X . Under 
the further assumption that X is either a finite complex or that the homotopy 
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groups 7ri(X) are trivial, for almost all i G N, he uses this construction to prove 
important results on the group Aut{X) of classes of homotopy self-equivalences 
of the space X, cf. |12 Theorem 10.3]. 

Let us specialize, for a moment, to the case where X is a K(T, l)-space, T a 
torsion-free finitely generated nilpotent group. The results of Sullivan can then 
be related to what we prove. The following table contains a dictionary between 
the objects defined by Sullivan and those appearing in our theory. 



Sullivan 


algebraic theory 


Aut(X) 
X 

Aut(A') 

Autq)(X) — Aut(A')/inncr automorphisms 


Out(r) 


Aut(0) 
Or ^ Aut(0)/lnnB 



Here q is the Lie algebra of the Malcev-completion of tti (X) = F. The associated 
DGA X coincides with the Koszul-complex of g. The Q-defined linear algebraic 
group Or is defined in the previous subsection. It admits a Q-homomorphism 
TTOp with finite kernel onto the group Aut(0) /Inug of Lie algebra automorphisms 
of Q modulo inner automorphisms. 

We mention the concept of S-commensurability of groups appearing in 42 . This 
is the equivalence relation amongst groups which is generated by the operations 
of taking quotients with finite kernel and finite index subgroups. 

We shall now go through the four statements about Aut{X) which are contained 
in 021 Theorem 10.3], specialized to a K{T, 1) space X, and rephrase them in 
our context: 

In Theorem 10.3 (i), it is stated that Aut(X) is S-commensurable with a full 
arithmetic subgroup of AutQ{X). We prove (see Theorem I1.5II . quite equiva- 

lently, that there is a homomorphism irr '■ Out(r) — > Aut(g)/lnng which has 
finite kernel and an arithmetic subgroup as image. We additionally show that 
Out(r) is isomorphic to an arithmetic subgroup in a Q-dcfined linear algebraic 
group Or which is a finite extension group of Aut(g)/lnng. (Examples f|lHj. 
|21j ) show that the class of arithmetic groups is not closed under any of the 
two operations used to define S-commensurability. Hence the information on 
Aut{X) = Out(r) contained in 42, Theorem 10.3 i)], for our restricted case, is 
weaker then what follows from our results. Most dramatically there are groups 
which can be mapped onto an arithmetic group with a finite kernel which are 
not even residually finite. As Serre 40 remarks, localization results in |43j im- 
ply that the group Aut{X) is residually finite. We wonder, whether the general 
theory can be extended similarly to our results.) 

In Theorem 10.3 (ii) it is proved that the natural action of Ant (X) on the inte- 
gral homology is compatible with an algebraic matrix representation of Ant q{X) 
on the vector spaces of rational homology. We consider here cohomology instead 
of homology and we obtain a similar result. We prove that the natural action 
of Out(r) = Aut(X) on the image of integral cohomology is compatible with 
an algebraic matrix representation of Or on the vector spaces of rational coho- 
mology (see Theorem II . 51 and Section^2J. This has the important consequence 
that the stabilizers of cohomology classes are arithmetic groups. 
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By Theorem 10.3 (iii), the reductive part of Ant q{X) is faithfully represented 
on the natural subspace of homology generated by maps of spheres into X . We 
recall (see ProDOsition ll3.2l) that the reductive part of Aut(g)/lnng is faithfully 
represented on the cohomology vector spaces. Of course, Sullivan's result implies 
that the representation is already faithful on the first homology space. We obtain 
a similar result for the action of Or on the first cohomology space. 

In Theorem 10.3 (iv) it is proved that as we vary X through finite complexes, 
Aut{X) runs through every commensurability class of groups containing arith- 
metic groups. Here our results give something different and new since Sullivan 
uses simply connected spaces {tti{X) — {1}) which have non-vanishing higher 
homotopy groups to show his existence result: 

Let N- commensurability be the equivalence relation for groups which is gener- 
ated by the operations of taking quotients with finitely generated nilpotent-by- 
finite groups as kernel and by taking finite index subgroups. We can prove: 

Proposition 1.15 As we vary X through all finite K{T, 1) complexes, T a 
finitely generated nilpotent group, Ant(X) runs through every N- commensur- 
ability class of groups containing an arithmetic group. 

The result just mentioned follows from our theory of cohomological representa- 
tions and from the existence theorems in JJj. We do not provide details here. 

Having discussed the relation of our results to Sullivan's we can mention the 
following generalization for spaces X which are K{T, 1) spaces for torsion-free 
polycyclic-by-finite groups. In fact, we can collect the results described in Sec- 
tions 11.21 11.31 to show: 

Theorem 1.16 Let T be a torsion-free polycyclic-by-finite group and let X a 
K{T, 1) space. Let Ani{X) be the group of classes of homotopy self- equivalences 
of X then the following hold: 

i) Aui{X) is an arithmetic group. 

ii) The action of Aut(X) on integral cohomology is compatible with an al- 
gebraic matrix representation of the Q-defined linear algebraic Or on the 
vector spaces of cohomology. 

iii) The stabilizer of an integral (rational) cohomology class is arithmetic. 

Again, we wonder whether our Theorem 11.161 has an extension which does not 
assume the vanishing of the higher homotopy groups. 

As a corollary, using well known finiteness results for arithmetic groups we get: 

Corollary 1.17 Let T be a torsion-free polycyclic-by-finite group and let X a 
K{T,l)-space. Let Aut{X) be the group of classes of homotopy self-equivalences 
of X . Then the following hold: 
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i) The group Aut(X) is residually finite, 
ii) The group Aut(X) is finitely presented. 

Hi) The group Aut(X) contains only finitely many conjugacy classes of finite 
.subgroups. 

iv) Let fi be a finite group acting by group automorphisms on Aut(X), then 
the cohomology set H^(/i, Aut(A")) is finite. 

v) The group Ant(X) is of type WF. 

For the definition and discussion of cohomology sets, see Sectional The proper- 
ties i),...,v) aU foUow from the fact that Aut(X) is an arithmetic group. Property 
i) is well known to hold for finitely generated linear groups, for ii), iii) see (9|, iv) 
is proved in |^ (for a weaker form see 22). The last item, property WF, means 
that every torsion-free subgroup A of finite index in Aut(r) appears as the fun- 
damental group of a finite K{A, 1). See (401 for discussion of this property of 
arithmetic groups and further references. It is not known whether groups which 
are finite extensions of a WF-group inherit the property WF, see ^J^J. Note 
also that properties ii), iii) are compatible with S-commensurability whereas i), 
iv) are not. 

Let X be a K(r, l)-space for a group T. The automorphism group of F can 
be naturally identified with the group of classes of pointed homotopy self- 
equivalences Ant*{X) (see ^3)- "^^^^ T is finitely generated torsion-free 
nilpotent it was well known that Aut*(Ar) is an arithmetic group. Our results 
from Theorem II .91 extend this to a much larger class of groups. Our examples 
constructed in Section [12.21 Theorem II .21 give rise to K(r, l)-spaces X, where 
7ri(A") is nice and arithmetic whereas Aut*(A') is far from being an arithmetic 
group. 

Acknowledgement The authors wish to thank Wilhem Singhof for helpful con- 
versations concerning the contents of this article. 

2 Prerequisites on linear algebraic groups and 
arithmetic groups 

In the sequel we shall use a certain amount of the theory of linear algebraic 
groups and also of the theory of arithmetic groups. We briefly review here what 
we need and also add certain consequences of the general theory. Our basic 
references are QT], [55] . 

2.1 The general theory 

We use the usual terminology of Zariski-topology. Thus a linear algebraic group 
^ is a Zariski-closed subgroup of GL(ri, C), for some n G N. It is Q-defined 
if it is Q-closed. We use the shorter term Q-closed for what should be called 
closed in the Zariski-topology with closed subsets being those affine algebraic 
sets defined by polynomials with coefficients in Q. If is a subring of C, we 
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put A{R) = .4n GL(n, R). We denote the connected component of the identity 
in a Hnear algebraic group A by .4°. The connected component A° always has 
finite index in A and A is called connected if ^ = A°. If A is defined over Q, 
its group of Q-points ^(Q) is Zariski-dense in A. 

A homomorphism of algebraic groups is a morphism of the underlying affine 
algebraic varieties which is also a group homomorphism. A homomorphism 
is defined over Q (or Q-defined) if the corresponding morphism of algebraic 
varieties is defined over Q. It is called a Q-defined isomorphism if its inverse 
exists and is also a homomorphism defined over Q. An automorphism is an 
isomorphism of a linear algebraic group to itself. We also use the more abstract 
concept of a Q-defined linear algebraic group. It is well known that a Q-defined 
affine variety equipped with a group structure given by Q-defined morphisms is 
Q-isomorphic with a Q-closed subgroup of GL(n, C), for some n € N. As usually 
we write <Ga = C for the additive and Gm — C* for the multiplicative group. 
Quotients exist in the category of Q-defined linear algebraic groups. That is 
given a Q-closed normal subgroup A/" of a Q-defined linear algebraic group A 
the quotient group A/N' is a Q-defined linear algebraic group and the natural 
map A ^ A/Af is a Q-defined homomorphism. We say that A is the almost 
direct product of two Zariski-closed subgroups B, C if B and C centralize each 
other, their intersection B DC is finite and if A = B ■ C holds. 

Let now ^ be a Q-defined linear algebraic group, we write U_4 for its unipotent 
radical. This is the largest Zariski-closed unipotent normal subgroup in A^ it 
is Q-closed. The algebraic group A is called reductive if = {1}. In par- 
ticular, the quotient A'^'^^ — A/TJa is reductive, for all linear algebraic groups 
A. We write A^°^ for the solvable radical of A. This is the largest connected 
Zariski-closed solvable normal subgroup in A, it is Q-closed. A connected linear 
algebraic group A is called semisimple if A^°^ = {I}- 

A linear algebraic group is called a d-group if it consists of semisimple elements 
only. A Zariski-closed subgroup which is a d-group is called a d-subgroup. A 
d-group is reductive and abelian- by-finite. A torus is a linear algebraic group 
isomorphic to G"^, for some n G N. If 5 is a d-group then S° is a torus. 

Let ^ be a Q-defined linear algebraic group. Then the following hold (see 

miiniiniEsi). 

AGl: There exists a Q-closed reductive complement TZ < A, that is, A = XJa'TZ 
is a direct product of subgroups, and TZ = A'''°'^. In particular, we also 
have A = XJa x A'^^'^. Here the symbol = indicates Q-isomorphism of 
linear algebraic groups, and x indicates a semi-direct product. 

AG2: All Q-closed reductive complements are conjugate by elements of U^(Q). 

AGS: Let Ahe a, Q-defined connected and reductive linear algebraic group. Then 
A is the almost direct product of its center, which is a Q-closed d-subgroup, 
and the commutator subgroup [A, A] , which is Q-closed, connected and 
semisimple. 

AG4: Let ^ be a Q-defined connected and semisimple linear algebraic group. 
Then its group Auta {A) of algebraic automorphisms is a Q-defined linear 
algebraic group and Inn_4 is its connected component. 
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AGS: Let Ahe a. Q-defined connected and reductive linear algebraic group. Let 
B be Q-closed normal subgroup of A. Then there is a Q-closed subgroup 
C oi A which centralizes B, satisfies A — B ■ C such that ;B n C is finite. 
That is, A is the almost direct product of B and C. 

AG6: Let 5 be a commutative d-group and G a finite group of Q-defined auto- 
morphisms of S. Let iSi < 5 be a G-invariant Q-closed subgroup. Then 
there is a G-invariant Q-closed subgroup S2 < S such that S is the almost 
direct product of Si and 

AG7: Let T < A he a, torus. Then the centralizer Z^(T) of T in ^ has finite 
index in the normalizer N_4(T). 

Statement AG6 is proved by using the category equivalence between the category 
of Q-defined commutative d-groups and the category of continuous, Z-finitely 
generated modules for the absolute Galois group of Q (see ^ §8]) together 
with Maschke's theorem. The last fact AG7 is called the rigidity of tori, see ^2 
Corollary 2 of IILS] for a proof. 

We shall add some remarks concerning the structure of solvable-by-finite groups. 
A linear algebraic group H is solvable-by-finite if its identity component H° is 
solvable. A Cartan subgroup C of H is by definition the normalizer of a maximal 
torus T in H. 

For a Q-defined, solvable-by-finite linear algebraic group H the following hold: 
SGI: There are maximal tori T < H which are Q-closed. 

SG2: Let T be a maximal torus of H and C = Nh(T). Then C° = Nh=(T) 
equals the centralizer of T in H° and is a connected nilpotent group. 
Moreover, C contains a maximal d-subgroup S with S° = T. 

SG3: Let T < H be a maximal torus which is Q-closcd. Then C Nh(T) 
is Q-closed and contains a maximal d-subgroup S of H which is Q-closed 
and which satisfies S° = T 

SG4: Let S be a maximal d-subgroup of H. Then H = Uh ■ S = Uh x S. 

SG5: All maximal tori and also all maximal d-subgroups in H are conjugate by 
elements of [H°,H°] < Ur. 

SG6: All Q-closed maximal tori and all Q-closed maximal d-subgroups are con- 
jugate by elements of [H°,H°](Q). 

SG7: Let C be a Cartan subgroup of H and F < Uh a normal subgroup of H 
which contains [H°, H°] then we have H = F • C. 

For almost all of this see ^| Chapter III]. Statement SG6 is contained in |12| . 
for a detailed proof see ^1 Section 2]. 

We have defined the notion of an arithmetic subgroup of a Q-defined linear 
algebraic group and that of an arithmetic group in the beginning of the intro- 
duction. We shall often have to use the behaviour of arithmetic subgroups under 
Q-defined homomorphisms. To describe this, let p : Ai ^ A2 he a. Q-defined 
homomorphism between Q-defined linear algebraic groups Ai, A2 and A < A\ 
a subgroup. Furthermore we suppose that p is surjective. We have: 
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ARl: If A is an arithmetic subgroup of Ai then p{A) is an arithmetic subgroup 
of A2. 

AR2: Suppose that p is injective, then A is an arithmetic subgroup of Ai if and 
only if p{A) is commensurable with A2{'^)- 

AR3: Every abelian subgroup of an arithmetic group is finitely generated. 

AR4: Let A he a. Q-defined group and Ai, A2 Q-defined subgroups such that 
^ = ^1 XI is a semi-direct product. Let A < AiQ) be a subgroup. 
Assume there exists subgroups Ai, A2 of A such that A = Ai xi A2 is a 
semi-direct product. If Ai and A2 are arithmetic subgroups in Ai and 
A2 , respectively, then A is an arithmetic subgroup of A. 

Statement ARl is proved in TU' and AR2 is a consequence of it. Statement AR2 
shows that the notion of an arithmetic subgroup does not depend on the partic- 
ular embedding of the ambient algebraic group into GL(n,C). Statement AR3 
follows by consideration of the Zariski-closure of the given abelian subgroup. 
Statement AR4 is a consequence of ARl. 

2.2 Algebraic groups of automorphisms 

Let G be a group acting by automorphisms on a group A and let -B < ^ be a 
subgroup of A. We write 

Ng{B) {5 e G I g{B) ^ B}, Zg{B) :={g E G \ g{b) = 6 for aU 6 e B } 

for the normalizer and centralizer of B in G. 

Definition 2.1 Let ^ be a Q-defined linear algebraic group and let G be a 
group which acts by Q-defined automorphisms on A. Then G normalizes the 
unipotent radical and we say that G acts as an algebraic group of automor- 
phisms on A if Zq (T) has finite index in (T) for every Q-defined torus T of 
yl^'i = A/Va- 

Note that G = GL(n, Z) acts by Q-defined automorphisms on the torus A = G"^. 
But for n > 2 this is not an algebraic group of automorphisms on A. Positive 
examples are given in the next lemma. 

Lemma 2.2 Let B be a Q-defined linear algebraic group and A < B a Q-closed 
subgroup. Let further G < B{Q) be a subgroup which normalizes A. Then G 
acts by conjugation on A as an algebraic group of automorphisms. 

Proof. Replacing B by the Zariski-closure oi A ■ G, we may assume that A is 
normal in B. Then U_4 is also normal in B and the image of G in B/\Ja acts by 
conjugation on A/Va- Thus the lemma follows from the rigidity of tori (AG7). 

□ 

Lemma 2.3 Let A be a Q-defined linear algebraic group. Let G be an algebraic 
group of automorphisms on A. Then Zq{S) has finite index in 'Hq{S) for every 
Q-closed commutative d-subgroup S of A/XJa- 
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Proof. To prove the lemma, we may replace A by ^/U_4. We consider a 
Q-closed commutative d-subgroup S of A. Its connected component S° is a 
Q-dcfincd torus in A° . We have Ng(5) < Ng(5°). Our hypothesis imphes that 
Zi = Ng(5) n Zg(5°) has finite index in Ng(5). 

There is a finite Zariski-closed subgroup £ < S such that S — S° ■ £. Let £o be 
the kernel of the homomorphism from S to S which sends x £ S to x'^L It is 
finite, contains £ and is normalized by Ng(5). Trivially Z2 — Ng(5) n Zg{£q) 
has finite index in Ng(5). Since Zi n Z2 is contained in Zg{S), this proves that 
7ig{S) is of finite index in Ng(5). □ 

The following lemmata describe natural operations which can be perfomed with 
algebraic groups of automorphisms. 

Lemma 2.4 Let A be a Q-defined linear algebraic group and B a Q-closed nor- 
mal subgroup in A. Let G be an algebraic group of automorphisms of A which 
normalizes B. Then G acts as a group of algebraic automorphisms on B and 
also on A/B. 

Proof. This is clear for B, since B is normal in A. To prove that G acts as an 
algebraic group of automorphisms on ^/i3, we use a G-invariant decomposition 
AG5. We leave the details to the reader. □ 

Remark that, in general, the converse of the statements of Lemma [2.41 is not 
true. Nevertheless, we have: 

Lemma 2.5 Let A and B be Q-defined linear algebraic groups, and let G act 
as an algebraic group of automorphisms on A and on B. Then G acts as an 
algebraic group of automorphisms on the product C — A x B . 

Proof. Let G act on C by the product action. Let T be a torus in C'^'^ = 
^red ^ gred ^.^^ Qi ^ Ng{T). The torus T is contained in the direct 
product of factors Tj( < Tg < S™'^ which are stabilized by G' . Hence, 

both are centralized by a finite index subgroup of G". Therefore, T is centralized 
by this finite index subgroup of G'. □ 



Lemma 2.6 Let A be a Q-defined linear algebraic group and G a group of Q- 
defined automorphisms of A. Suppose L, H < G are subgroups such that L is 
normal in G and G — L ■ H holds. Lf both L and H are A-algebraic groups of 
automorphisms of A then also G has this property. 

Proof. We consider G as a group of Q-dcfined automorphisms of S = {A/\Ja)° ■ 
We have the almost direct decomposition B = Z ■ [B,B], where Z is the center 
of B. The group G normalizes both Z and [B,B]. Let T be a Q-defined torus 
of B. If T < [B,B] then Zg(T) has finite index in Ng(T) since G contains a 
subgroup of finite index which acts by inner automorphisms on [B,B] (AG4). 
Now assume T < Z. By our assumption on L and H it follows that Zg{Z'^) 
has finite index in G (since G normalizes Z'^), and, a fortiori, Zg(T) has finite 
index in Ng(T). The case of a general T can be treated by projecting T on the 
factors of the almost direct product decomposition AGS. □ 

In Sectional the following fact plays a crucial role. 
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Proposition 2.7 Let A be a connected Q-defined linear algebraic group, equipped 
with an algebraic group of automorphisms G. Then there are: 



i) a Q-closed, G-invariant central d-subgroup Z\ in A and 
ii) a Q-closed, G-invariant subgroup Ai of A with unipotent-by-finite center 
such that A is decomposed as the almost direct product of Z\ and Ai . 

Proof. Let A^°'^ be a maximal reductive subgroup of A wlriclr is defined over 
Q. Let Z be the center of A^'^'^ and let Zi be the maximal torus in the center 
of A. Thus Zi is Q-closed in A, it is contained in Z, and it is normalized by G. 

By Lemma |2. 31 the group Gi of automorphisms of Z which is induced by the 
quotient action of G on the isomorphic image of Z in A/\Ja is finite. Hence, 
by AG6, we may choose a Q-closed and Gi-invariant subgroup Z^ < Z such 
that Z is the almost direct product of Z\ and Z^- This shows that Zi and 
A\ = • Z2 ■ \A!^'^'^ , A^^'^\ satisfy the requirements of the lemma. □ 

3 The group of automorphisms of a solvable-by- 
finite linear algebraic group 

Let be a linear algebraic group defined over Q. We let 



denote the group of all automorphisms of A, respectively the group of all Q- 
defined automorphisms of A. We also need the following concept. 

Definition 3.1 We say that a linear algebraic group A has a strong unipotent 
radical if the centralizer Z^(U^) of its unipotent radical is contained in U^. 

Given a Q-defined solvable-by-finite linear algebraic group H with a strong 
unipotent radical we will identify AutQ(H) in a natural way with a Q-defined 
linear algebraic group. We obtain special features of this identification which 
we will need later. 

For a general linear algebraic group A, the group Auta{A) is a group of type 
ALA, that is, AutQ{^) is an extension of an affine algebraic group by an arith- 
metic group, see |12l . Our approach is a variation of corresponding results 
in |12| . A construction similar to ours, but in a more restricted situation, is 
contained in |19| . 

3.1 The algebraic structure of Auta(H) 

We will assume here that H is a Q-defined solvable-by-finite linear algebraic 
group which has a strong unipotent radical U :— Uh. Let u denote the Lie- 
algebra of U. The Lie-algebra u is defined over Q and Aut(u) < GL(u) is a 
Q-defined linear algebraic group. The exponential map 



Auta(^) , Aut„,Q(yl) 



(13) 



exp : u 



U 



(14) 
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is a Q-defined isomorphism of varieties. Thus, via the bijective homomorphism 



Auta(U) 9 $ ^ exp o<i)oexp e Aut(u) (15) 

the group Auta(U) attains a natural structure of a hnear algebraic group which 
is defined over Q. 

We let S < H be a maximal Q-closed d-subgroup and obtain the decomposition 
H = U • S described in SG4 of Section El We define 

Auta(H)s { $ e Aut„(H) | $(S) - S} < Aut,(H). (16) 

Lemma 3.2 The restriction map $ $|u identifies Auta(H)s with a Q- 
defined closed subgroup o/Auta(U). 

Proof. Since H has a strong unipotent radical the restriction map is injective 
on Auta(H)s. Let Ad(S) denote the image of S under the restriction of the 
adjoint representation to u. Then Ad(S) is a Q-defined subgroup of Aut(u). 
Note that the obvious homomorphism S Ad(S) is a Q-defined isomorphism 
since H has a strong unipotent radical (see also 19 , Lemma 2.3). It is clear that, 
via the exponential map, the restriction of Auta(H)s to U is isomorphic to the 
normalizer of Ad(S) in Aut(u). Since Ad(S) is a Q-defined group, its normalizer 
and centralizer are Zariski-closed subgroups of Aut(u). By the Galois criterion 
for rationality (see TT, AG 14]) the normalizer and centralizer of Ad(S) are 
defined over Q. In particular, Auta(H)s restricts to a Q-defined subgroup of 
Auta(U). □ 

Thus the lemma furnishes a natural structure of Q-defined linear algebraic group 
on Auta(H)s. Since Auta(H)s acts on U by Q-defined morphisms, the semi- 
direct product U X Auta(H)s is an afhne algebraic group over Q, and thus is 
also equipped with the natural structure of a Q-defincd linear algebraic group, 
see |11) . Let Inn„ e Auta(H) denote the inner automorphism corresponding to 
u G U, that is, Inn„(/i) = uhu'^^, for all ft, e H. We consider the homomorphism 

e : U >^ Auta(H)s — > Auta(H) , {u, $) Inn„ o $ . (17) 

Lemma 3.3 The homomorphism Q is surjective. 

Proof. The group H decomposes as a semi-direct product of Q-defined algebraic 
groups H = U- S^UxS. All maximal d-subgroups of H are conjugate by 
elements of U, and Q-defined d-subgroups are conjugate by elements of U(Q) 
(see Section 12)1 . Therefore, the homomorphism is onto Auta(H). □ 

Lemma 3.4 The kernel of the homomorphism O is a Q-defined unipotent sub- 
group o/U XI Auta(H)s. 

Proof. Infact,kerO = {(u,Inn^^) | Inn„ e Auta(H)s} is a unipotent subgroup 
of U XI Auta (H)s . Since the homomorphism Q corresponds to a Q-defined action 
of U x: Auta(H)s on the variety U, its kernel is a Q-defined subgroup. □ 

Let 

y^H := U X Auta(H)s/ kere (18) 
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denote the quotient group of U x Auta(H)s by the kernel of 8. The group Ah 
has a natural structure of a Q-defined linear algebraic group, such that 

^h(Q) = U Auta(H)s (Q) / (ker 6) (Q) . (19) 

Therefore, we have: 

Theorem 3.5 The homomorphism An — > Auta(H) which is induced by H17|l 
naturally identifies Auta(H) with the complex points of the Q-defined linear 
algebraic group An- 

By arguments using the above setup, the rational points of the corresponding 
affine algebraic group are naturally interpreted in the following way: 

Proposition 3.6 Under the homomorphism An Auta(H) which is induced 
by (|17ll the group of rational points An{Q) of An corresponds to the group 
Auta.Q(H) of Q-defined automorphisms of H. 

Proof. Let $ e -4h(Q)- It is clear from our construction that <i> preserves the 
group of rational points H(Q) < H which is Zariski-dense in H (cf. ^| §18.2]). 
By the Galois-criterion for rationality (compare [111 AG 14]), $ is defined over 

Q. 

Conversely, assume $ G Auta(H)Q is a Q-defined automorphism of H. Then, 
by AG2, there exists v e U(Q) such that = Inn„ o $ e Auta(H)s, and 
^ is defined over Q as well. The exponential correspondence shows that ^ G 
Auta(H)s(Q). It follows that $ G AutQ(H)(Q). □ 

Henceforth, we will identify Auta(H) with (the complex points of) the linear 
algebraic group ^h, and 9 : U x Auta(H)s Ah — Auta(H) becomes a 
morphism of algebraic groups which is defined over Q. 

3.2 Arithmetic subgroups of Auta(H) 

We keep the notation of the previous subsection. In particular, H denotes a Q- 
defined solvable-by-finite linear algebraic group with a strong unipotent radical 
U = Uh- Let further S be a maximal Q-defined d-subgroup of H. 

Let 9 < U(Q) be a finitely generated subgroup which is Zariski-dense in U. 
Then 9 is an arithmetic subgroup of the Q-defined group U. We explain now 
how the choice of 9 gives rise to an arithmetic subgroup Ag of Auta(H) = ^h- 

Definition 3.7 We define the following subgroups of Autci(H): 

Ag:^{^e Auta(H) I $(0) =9} , Ae := Auta(H)s n Ag , (20) 



Ag:^e{9xAg) <^h(Q). (21) 

Lemma 3.8 Let 9 < U(Q) be a finitely generated subgroup which is Zariski- 
dense in U. Then the group Ag is an arithmetic subgroup o/Autci(H)s. 



19 



Proof. As explained in Subsection 13.11 the group AutQ(H)s is Q-isoniorphic 
to the normalizer NAut(u) (Ad(S)) via the isomorphism (|15|l . Embedding Aut(6') 
as a subgroup of Auta(U), it corresponds to 

iVAut(u)(log0) = e Aut(u) I *(log^?) C log9} < Aut(u) . 

The group -/VAut(u)(log6') stabihzes the lattice L in u which is generated by the 
set log 6'. Moreover, -/VAut(u)(log^') is arithmetic in Aut(u), see Chapter 6]. 
It follows that Ag < Auta(H)s corresponds to 

NAut(u)(Ad(S)) niVAut(u)(ioge(r)) . 

Thus, under the natural linear representation of Auta(H)s in GL(u), Ag is com- 
mensurable to the stabilizer of a lattice L C u(Q). Therefore, Ag is arithmetic 
in Auta(H)s. □ 

Using AR4 in Section|2we deduce that 6* x Ag is arithmetic in U x Auta(H)s. 
Since Ag is the image of the arithmetic group 9 y\ Ag under the Q-defined 
surjective homomorphism 0, Ag is arithmetic in Auta(H). This proves: 

Proposition 3.9 Let 9 < U(Q) be a finitely generated subgroup which is Zariski- 
dense in U. Then the group Ag is an arithmetic subgroup o/Auta(H). 

3.3 Some closed subgroups of Auta(H) 

We stick to the conventions about H, U, S. In addition, we introduce F < U 
to be a Q-closed normal subgroup of H which contains the commutator group 
[H°, H°]. By SG7 of SectionH we have H = F • C, for every Q-closed Cartan 
subgroup of H. As before S denotes a maximal d-subgroup in H. 

Let N^(F) denote the subgroup of elements in Autci(H) which preserve F. 
Additionally, we define: 

^H|F := e N^(F) I $|h/f = idH/p} , 
:= {$ e N^(F) I $|ho/f = idno/F , $(S) = S} , 
Ai ■■= {* e -4s I $|s - ids} . 
It is easy to see that these groups are Q-closed subgroups of Auta(H). 

Lemma 3.10 The following hold: 

Al < ^H|F. 

a) Define y^H|u = {$ G ^ | $|h/u = idn/u}, then ^h|u n ^s = ^s- 
Hi) Aii\Y C^As^Al,. 

Proof. Let $ e A\^ and u G U. Since ^'Ih" /f = idn" /F: we have = 
where /„ € F. Now let ft. G H, and write h = su, where s G S, it G U. It follows 
that <^{h) = hfu. Hence, $ G ^h|f- This proves i). 

Let $ G .4.H|u Hy^s and s G S. Then <i>(s) = sus, where Us G U. Since $ G As, 
$(s) G S. It follows that Ug = 1. Therefore, $ G A^. This proves ii). 



20 



By i), C .4h|f- Conversely, Aii\F H .4s < .4h|u H .4s, and hence by ii), 
-4h|f n y4,s < .4g. This proves iii). □ 

Before we proceed let us introduce some notation concerning inner automor- 
phisms. 

Definition 3.11 Let A be a group and B < A a. subgroup. Let a E A. We 
write InUa e Aut(j4) for the inner automorphism of A defined by g t-^ aga~^, 
for all g E A. Given an element b E B, we set Innjf^ e Aut(A) for the cor- 
responding inner automorphism of A (to distinguish it from the induced inner 
automorphism of B). We write Inn;^ for the subgroup of Aut(yl) consisting of 
all elements Innj^, b G B. 

Let C be Cartan subgroup of H which contains S. Thus C = Uc • S. We define 

Ac ■■= {$ e N^(F) I $|ho/f = idHo/F , *(C) C C} . (22) 
If C is defined over Q then Ac is a Q-defined subgroup of Auta(H). 

Lemma 3.12 The following hold: 

i) Let u G Uc such that Inn^ G .4h|f- Then there exists u G C n F such 
that, for all s G S, Inn^ (s) = Inn^ (s). 

ii) .4h|f n .4c = Inn|?nc ' -^s- 

Proof. Let s G S. Then Inn^(s) = sfs, where G F n C. Moreover, fs = 1, 
for s G S° since u normalizes S°. By a standard argument (compare for example 
|12p the cocycle s i— *■ /s is of the form fs — s~^vsv~^, for some v G F d C. 
Thus, Inn^(s) = Inn^(s), for aU s G S. 

Let $ G .4h|f n .4c. Since <I>(C) < C, there exists w G Uc such that vSv~'^ = 
$(S). Then * = Innf-^i o $ G H Aii\u holds. By Lemma EHl (ii), * e -4^ 
follows. In particular, "^(s) — s, for all s G S. Hence, $(s) = Inn^(s), for 
all s G S. Since we have <& G .4h|Fi this implies that Inn^ G .4h|f holds. 
By the first part, there exists w G C n F such that Inn^(s) = Inn^(s) holds 
for all s G S. In particular we find Inn^_i o $ G As n .4h|f — A^. Hence, 
^HjF ri Ac C Imip|-|(-; • .4g holds. The lemma follows. □ 



Proposition 3.13 Let H be a Q-defined solvable-by- finite linear algebraic group 
and F < Uh be a Q-closed subgroup which contains [H°,H°], then 

Ah\f = Inup • .4s 

holds. 



Proof It is clear that Inup • .4g < ^Ihif- Now let $ G .4h|f- Since F 
contains [H°,H°], there exists i; G F such that wCw"^ = $(C). Therefore, 
Inn^i o $ G .4c n .4h|f holds. The proposition follows from the previous 
lemma, part ii). □ 
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4 The algebraic hull of a polycyclic-by-finite wfn- 



group 

Let r be a polycyclic-by-finite group. Its maximal nilpotent normal subgroup 
Fitt(r) is called the Fitting subgroup of F. We assume that Fitt(r) is torsion- 
free and Zr (Fitt(r)) < Fitt(F). These two conditions are equivalent to the 
requirement that F has no non-trivial finite normal subgroups. We call a group 
with this property a wfn-group. Proofs of the following results may be found in 
[HI Appendix A]. 

Theorem 4.1 Let T be a polycyclic-by-finite wfn-group. Then there exists a 
Q-defined linear algebraic group Hr and an injective group homomorphism %p : 
F Hr(Q) such that: 

i) is Zariski-dense in Hr, 

ii) Hr has a strong unipotent radical U = Uhp; 
Hi ) dim U = rank F . 

Moreover, V'(F) H Hr(Z) is oj finite index in F. 

Here, rankF denotes the number of infinite cyclic factors in a composition series 
of F. (This invariant is sometimes also called the Hirsch-rank of F.) 

We remark that the group Hr is determined by the conditions i)-iii) up to 
Q-isomorphism of algebraic groups: 

Proposition 4.2 Let T be a polycyclic-by-finite wfn-group. Let H' be a Q- 
defined linear algebraic group and tp' : F — > H'(Q) an injective homomorphism 
which satisfies i) to Hi) from above. Then there exists a Q-defined isomorphism 
$ : Hr — > H' such that ip' = ^o^. 

Corollary 4.3 LetT be a polycyclic-by-finite wfn-group. The algebraic hull Hr 
of F is unique up to Q-isomorphism of algebraic groups. In particular, every 
automorphism (p of T extends uniquely to a Q-defined automorphism $ of Hr. 

We call the Q-defined linear algebraic group Hr the algebraic hull for F. We 
shall identify F with the corresponding subgroup of its algebraic hull Hr. 

If F is finitely generated torsion-free nilpotent then Hr is unipotent and Theo- 
rem l4.1l and ProDOsition l4.2l are essentially due to Malcev If F is torsion- free 
polycychc, Theorem l4.1l is due to Mostow |H3 (see also |221 §IV, p. 74] for a dif- 
ferent proof). 

Proposition 4.4 Let T be a polycyclic-by-finite wfn-group. Let Hr be the al- 
gebraic hull for F. Then F n = Fitt(F) holds. 



Definition 4.5 We define F = Fr := Fitt(F) < Hr as the Zariski-closure of 
the Fitting subgroup of F. 
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Thus, in particular, F is a connected unipotent normal subgroup of Hp, and F 
is defined over Q. Moreover: 

Proposition 4.6 The commutator subgroup [Hp, Hp] is contained in F. Let 
C be a Cartan subgroup of Hp. Then there is a decomposition 

Hr = F • C (23) 



Proof. Since T is Zariski-dense, we see that [H^,H^] = [rnH°,rnH°] < 
Fitt(r) = F. The decomposition of Hp follows (see SG7 of Section EJ. □ 

4.1 A faithful rational representation of Aut(r) 

Let Aut(j(Hr) be the group of algebraic automorphisms of Hr with its natural 
structure of Q-defined linear algebraic group. We view Auta(Hr) as a Q-defined 
closed subgroup of GL(n,C), for some n > 0. Then Proposition 13.61 shows that 
the extension 

Aut(r) 3 (j)^ ^ e Auta,Q (Hr) - Aut,(Hr) (Q) (24) 

which is defined in Corollarv l4. 31 gives rise to a faithful representation of Aut(r) 
into GL(n,Q): 

Corollary 4.7 The extension homomorphism \2A\ is a faithful homomorphism 
o/Aut(r) into the group of Q-points of the linear algebraic group Auta(Hr). 

Using this fact, if an embedding F < Hp is fixed we identify Aut(r) with a 
subgroup of Auta(Hr). Remark though, that, in general, Aut(r) is not Zariski- 
dense in Auta(Hr) because the elements of Aut(r) preserve the Fitting subgroup 
F, and hence also the Zariski-closure F of F. Thus, with the conventions from 
Section rOl Aut(F) is contained in the subgroup N^(F) of Auta(Hr). 
Let Ar|_F ^ Aut(F) be the subgroup defined in Since F is Zariski-dense in 
Hr, the following is clear. 

Lemma 4.8 We have A-p\F < ^h|f(Q) under the extension homomorphism 

(El. 

4.2 Thickenings of F in Hp 

Before introducing the thickening, we recall some results about finitely generated 
subgroups in unipotent algebraic groups. Let U be a unipotent Q-defined linear 
algebraic group, and let F < U(Q) be a finitely generated subgroup. Then F 
is a torsion-free nilpotent group. Let F F < U be the Zariski-closure of 
F. Then F is Q-defined, and dimF = ranki^. The group of Q-points of F is 
isomorphic to the Malcev radicable hull of F, i.e., F(Q) is radicable, and for 
every x E F(Q) there exists k E N such that x'' E F. For to € N, we define 

F-^ := {x E F(Q) I E F) . 



23 



Then < F{Q) is finitely generated, F < F^^ and \F^ : F\ < oo. Every 
finitely generated subgroup G < F(Q) is contained in F~ , for some m E N. See 
PS| for more details on all of this. 

Now let r be a polycyclic-by-finite wfn-group, let F denote the Fitting subgroup 
of r, and let F < Hp be the Zariski-closure of F in the algebraic hull of F. Since 
F is unipotcnt, F~ is defined as a subgroup of F(Q). 

Definition 4.9 A subgroup f of Hr which is of the form f = • F is called 
a thickening of F. 

Clearly thickenings F exist, for every m e N. A thickening F of F is a finitely 
generated subgroup of Hr(Q) which is of finite index over F. We further remark 
that Fitt(r) = F~ . The inclusion of F into Hr shows that Hp is an algebraic 
hull also for the thickening F. 

4.3 The automorphism group of the thickening 

Let F be a polycyclic-by-finite wfn-group and let F < Hr(Q) be a thickening 
of F. Let (j) € Aut(F), and let $ : Hr — > Hr denote the extension of (j) 
in Auta(Hr). Since the automorphism $ preserves Hr(Q), it is clear that <i> 
preserves F < Hr(Q) as well. Restricting $ to F we thus obtain a natural 
inclusion Aut(F) ^ Aut(r). This shows that we may identify Aut(F) with a 
finite index subgroup of Aut(F) in a natural way: 

Proposition 4.10 Let T be a polycyclic-by-finite wfn-group, and let T be a 
thickening of F. Then the group Aut(F) = {ip Aut(F) | ipi^) = F} is a 
subgroup of finite index in Aut(F). 

Proof. Put d = [F : F] for the index of F in F. Remark that there are 
only finitely many subgroups of F with index d, since F is a finitely generated 
group. The automorphism group Aut(F) acts on the set of such subgroups 
and the group Aut(F) is the stabilizer of the subgroup F. Hence, we have 
[Aut(r) : Aut(F)] < £, where i is the number of subgroups of index d. □ 



5 Thickenings of F admit a supplement 

We give here a short account of the construction of nilpotent-by-finite supple- 
ments in polycyclic-by-finite groups. Similar results are contained in the book 
|88j where nilpotent supplements in polycyclic groups are considered. 

Definition 5.1 Let F be a polycyclic-by-finite group and let C < F be a 
nilpotent-by-finite subgroup. We call C a nilpotent-by-finite supplement in F 
if F = Fitt(F) • C. 

Nilpotent-by-finite supplements do not exist for general groups F. We will show 
below that a polycyclic-by-finite wfn-group F admits a thickening which has a 
nilpotent-by-finite supplement. 
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As standing assumption for this section we have that F is a polycychc-by-finite 
wfn-group, and we put F = Fitt(r). Wc fix an inclusion F < Hr((Q) of F into 
its algebraic hull Hp. We put F for the Zariski-closure of F in Hp, and put 
N = F{Q). 

Lemma 5.2 Let T be a polycyclic-by-finite wfn-group and let C < Hp be a Q- 
defined Cartan- subgroup. Then C = FA^ n C is a nilpotent-by- finite subgroup of 
F • N such that T- N = C ■ N holds. 

Proof. The decomposition (I23() induces a corresponding decomposition for the 
group of Q-points of Hp, that is, B.r{Q) = N -CiQ). 

Let 7 e F. Since F < Hr(Q) holds, it follows that 7 = n^c^, where n-y S N, 
G C(Q) n FN. Hence, F • iV = C • holds. □ 

We prove now the existence of supplements in a thickening F = • F. 

Proposition 5.3 Let T be a polycyclic-by-finite wfn-group and let C < Hp be 

a Q-defined Cartan subgroup. Then there exists m € N such that 

F^^ - T = F^- ■ C , where C = (F- • F) n C . 

Proof. By the previous lemma, FA^ = CN, where C = FA^ n C. It follows that 
the natural map C TN/N is surjective. 

Since TN/N is finitely generated, there exists a finitely generated group C < C 
so that C TN/N is surjective. Let ci, . . . , be generators for C, q — jiUi, 
where 7^ S F and Ui e A^. Choose m £ N such that e F~ , i — 1 . . . k. Then 
C < f = FF^, and, in particular, F^C < f. 

The surjectivity of the map C TN/N shows that every 7 S F is of the form 
7 = cn, where cGC, nGA^nf^ F^ . This shows that f = F^ • C. □ 

A nilpotent-by-finite supplement is called maximal if it is a maximal element 
of the set of all nilpotent-by-finite supplements with respect to inclusion of 
subgroups. We show that the maximal supplements are those which arise by 
the construction of Proposition 

Proposition 5.4 Let T be a polycyclic-by-finite wfn-group. Let T — F~ ■ T be 

a thickening which admits a maximal nilpotent-by-finite supplement C . Then 
there exists is a Q-defined Cartan subgroup C of Hp such that C = F n C and 
C is Zariski-dense in C. 

Proof. Let C be any nilpotent-by-finite supplement in F. Put C = C for the 
Zariski-closure of C. Since C < UriQ), C is defined over Q. Since F = F^ -C IS 
Zariski-dense in Hr, we have Hr — F ■ C. Let S be a maximal d-subgroup of C 
Then S is also maximal in Hr- In particular, C contains a maximal Q-defined 
torus T of Hr- Since C is nilpotent by-finite, T is unique and normal in C. We 
let C denote the Cartan-subgroup corresponding to T. Then C < C. It follows 
that C < F n C. In particular, if C is maximal, then C = F n C. 

Let us prove now that every maximal nilpotent by-finite supplement C is Zariski- 
dense in the Cartan subgroup C which contains C. In fact, since H < F • C, 
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C = Uc • S, where S < C is a maximal d-subgroup of C, and Uc is a unipotcnt 
normal subgroup. Hence, S is a maximal d-subgroup of C as well. Furthermore, 
we can write u £ Uc as w = /ui, where ui € Uc, / G Fn C. By the maximality 
of C, F n C < C. Therefore, CnF = FnCis Zariski-dense in F n C. This 
means, F n C < C. Hence, f eC and u eC. It follows that C = C. □ 

Proposition 5.5 Let T be a polycyclic-by-finite wfn-group, and f = ■ r a 
thickening ofT. Then there are at most finitely many -conjugacy classes of 
maximal nilpotent by- finite supplements in T . 

Proof. Let C be a maximal nilpotent-by- finite supplement in F. By Proposition 
lOl C = rn C, where C is a Cartan subgroup of H. We consider fo = f n H°, 
Co = C n Fq. Then Fq is a polycyclic normal subgroup of F and Cq <]C. Also 
Co = C n f = C n fo = C° n f 0. Since C° is a Cartan subgroup in H°, Co is 
a maximal nilpotent supplement in Fg (see Proposition [OJ. Note further that 
C = F n NrAr(Co) is uniquely determined by Co. By j^Si Chapter 3, Theorem 
4], there are only finitely many i^™ -conjugacy classes of maximal nilpotent 
supplements Co < Fo- This also implies that there are only finitely many F™- 
conjugacy classes of maximal nilpotent by-finite supplements in F. □ 



6 Lemmas from group theory 

We provide here some simple facts which shall be needed later. 

We start off with a few remarks on group cohomology with non-abelian coeffi- 
cients. Let /i be a group, and let L be a group on which fj, acts by automorphisms. 
If s € /X we write w i— > w*, w g L , for the action of s on L. 

The set Z^{fj,,L) — {z : ^ ^ L \ z{siS2) — z{si) z{s2y^} is called the set of 
1-cocycles. Two 1-cocycles zi and Z2 are cohomologous if and only if there exists 
V ^ L such that zi{s) = Z2{s)v'' . Let H^(/i, F) denote the set of equivalence 
classes of cocycles. It is called the first cohomology set for /i with coefficients in 
L. The following lemma is well known. 

Lemma 6.1 Let ^ be a finite group, and L a finitely generated nilpotent group 
on which /i acts by automorphisms. Then the cohomology set H^ (/i, L) is finite. 

Proof. Let G — L y<i ii he the split extension corresponding to the given action 
of /i on L. We consider L as a normal subgroup in G. A 1-cocycle z : fi ^ L 
gives rise to the finite subgroup /ix := { {z{s),s) \ s £ fi} oi G. Two 1-cocycles 
zi and Z2 are cohomologous if and only if the corresponding subgroups and 
fj.z2 are conjugate by an element of L. Since G is a finitely finitely generated 
nilpotent-by-finite group we know (see Chapter 8, Theorem 5) that G has 
only finitely many conjugacy classes of finite subgroups. Since L has finite index 
in G, the lemma follows. □ 

We also need the following lemma. 
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Lemma 6.2 Let N be a group and M < N a finitely generated torsion-free 
abelian normal subgroup of finite index. Define 

Aut{N,M) = Aut(iV) I (/)(M) = M, (I)\m = idn} 

then the inner automorphisms InnjJ^ form a subgroup of finite index in Aut(-/V, M). 

Proof. We briefly sketch the argument. Remark first that is suffient to prove the 
lemma in the case that the extension AI < N is effective, that is, Zn{M) < M . 
We set fi = N/M. Assuming effectiveness, there exists a finite extension group 
N < L of N which splits, that is, L is a semi-direct product L — Ml x /x, 
where Ml > M is a torsion-free abelian group which contains M as a subgroup 
of finite index. Every automorphism of N extends uniquely to an automor- 
phism of L which preserves M^. Therefore, it is enough to show the lemma 
for Aut{L, Ml). Now let 4> G Aut(L, Ml), that is, ^\ml = idA/i,, and assume 
additionally that cj) is the identity on the finite quotient L/Ml- The group of 
all such (j> is isomorphic to the group of 1-cocycles in Z^{ii, Ml) with the inner 
automorphisms corresponding to 1-coboundaries. Since H"'^(^, M^) (see Lemma 
16.1(1 is finite, Inn^^^ is of finite index in Aut(L,ML). □ 

The following can be deduced from I3H|, Section 6, we skip the proof. 

Lemma 6.3 Let \J be a unipotent Q-defined linear algebraic group. The fol- 
lowing hold: 

i) Let Ui < U2 < U(Q) be two finitely generated subgroups and suppose that 
Ui is Zariski-dense in U then the index [U2 ■ Ui] is finite. 

ii) Let U < U(Q) be a Zariki-dense finitely generated subgroup and let d G N. 
Let V < U(Q) he a subgroup which contains U and satisfies [V : U] < d. 
Then V is contained in . Ln particular, the set of all such subgroups 
V is finite. 

7 Unipotent shadows of F 

Let F be a polycyclic- by-finite wfn-group. We set F = Fitt(r) and write F 
for its Zariski-closure in Hp. Furthermore, we choose a thickening F = ■ F 
which has a (maximal) nilpotent-by-finite supplement C < F. We use this setup 
to construct (in a controlled way, depending on F) a finitely generated nilpotent 
group 6 < U(Q) which is Zariski-dense in U. We shall later use 9 to find 
arithmetic subgroups in Aut(F). 

Using the above data we start our construction. We shall use the results of 
Section [S] Let C = C < Hr denote the Zariski-closure of C. Then C is a 
Q-defined Cartan-subgroup of Hp. We have C = FnC, by Proposition l5.4l Let 
S < C be a maximal Q-defined d-subgroup in C. Then S is a finite extension 
of the maximal torus S°. The torus S° is central in C°, and C = Nh(S°). We 
set Co = C n C°. Then Cq is a nilpotent finite index normal subgroup of C. 

We consider the split decompositions C = Uc • S, C° = Uc • S°, where Uc is 
the unipotent radical of C. Every c G C(Q) can be written uniquely as 

c = Uc-Sc with 7i, G Uc(Q),s, G S(Q) . (25) 



27 



If c e C°(Q) holds, then Sc e S°((Q) foUows. We define 



C/c.s = (mc I ce C), Uc, ^ {u,\c^Co) . (26) 

Lemma 7.1 The groups Uco ^ C^C,s cire finitely generated, Zariski-dense sub- 
groups of Uc, and Uco is of finite index in Uc,s- Moreover, Uc.s is normalized 
by C, and Ucq is normalized by Cq. 

Proof. Since S° < C° is central in C°, the map Co 9 c i— > Uc G Uc is 
a homomorphism. Therefore, the group Uco is finitely generated. Moreover, 
since Uc = U^, the group Uco is Zariski-dense in Uc- Let S < S denote the 
image of the homomorphism C —^ S , c i— *■ Sc, and Sq < S the corresponding 
image of Cq. The group C acts on Co and on Uc by conjugation. Since S° 
is central in C°, this action factors over the finite group /i = S/Sq. For all 
c,d € C, we have the formula 

Ucd = Uc ScUdS~^ . (27) 

This shows that the group Uc,s is generated by Ucg and a finite set Mci , ■ • ■ , 
where the q G C represent generators for C/Cq- Therefore, Uc,s is finitely 
generated. The statement about the finite index follows from Lemma 16.31 

Equation (|27|l also shows that the action of the finite group /i on Uc preserves 
the subgroup Uc.s- This implies that Uc,s is normalized by C. The second 
statement follows by similar reasoning. □ 



Definition 7.2 We define 

Oc.s {F^, Uc.s ) , Oco := ( , Uco ) ■ (28) 
The groups ^c.s are called unipotent shadows of F. 

Since we have XJ — F ■ Cu (see SG7 of Section [SJ, Lemma l7.ll shows that 
each unipotent shadow ^^^s is a finitely generated subgroup of U(Q) which is 
Zariski-dense in U, and it contains the group 9co as a normal subgroup of finite 
index. 

Definition 7.3 We call 9c.s a good unipotent shadow if the conditions 

6ico n F = 9c.s n F = = Fitt(f) (29) 

are satisfied. 

Good shadows may be obtained by further thickening of the Fitting-subgroup. 

Proposition 7.4 Let T be a polycyclic-by-finite wfn-group. Then there is a 
thickening F = ■ F with a nilpotent-by-finite supplement C <T , such that, 
for every maximal (J-defined d-subgroup S < C, Oc,s is a good unipotent shadow. 



28 



Proof. Choose £ G N such that the thickening Ft - T admits a nilpotcnt-by- finite 
supplement C. Let S be a maximal Q-dcfined d-subgroup in the Zariski-closure 
C of C. Let 9c,s be defined as in Definition 17.21 

Since dc,s is finitely generated, we may choose m G N, divisible by £, such that 
Oc,s n F < F m . Now put f = F m • F, and remark that C is a nilpotent-by-finite 
supplement in F. By Proposition 15.41 Ci = C H F is a maximal nilpotent-by- 
finite supplement in F, and contains C. Since every element ci € C'l can be 
expressed as ci — fc with c e C and / £ F~ , we find, going through the 
definitions of 0c,s and 6*01,8, that 0Ci,s n F < ■ (9c,s n F). This implies 
that 9ci,s<^F = — Fitt(f ). Hence the requirements of Definition l7.3l follow. 

□ 

The following compatibility results are very important for our future construc- 
tions. 

Proposition 7.5 Let T be a polycyclic-by-finite wfn-group. Letr ^ F^ -T be 
a thickening of F with a nilpotent-by-finite supplement C < F. Let Oc,s be a 
corresponding unipotent shadow. Then the following hold: 

i) Let <j) e Aut(F) be an automorphism which satisfies (f>{C) = C , and let $ 
be its extension to an automorphism of Hp. Then we have ^{Ocg) — Oco- 

ii) For a finite finite index subgroup of the group of all automorphisms cj) S 
Aut(F) with 0(C) = C, the extension $ satsifies $(6'c,s) = ^C,s- 

Hi) The group F normalizes Oc,s- 

Proof Since 0(C) = C, we have $(C) = C, hence also $(C°) = C° and 
$(S°) = S°. The definition of Uco shows that $(C/co) = Uco- Since $ also 
stabilizes Fitt(F) = F~ , it stabilizes 9co. This proves i). 

Since 9co is of finite index in 9c.s, we can use i) together with part ii) of Lemma 
15.31 to prove u). 

By Lemma rm Uc,s is normalized by C. Since C also normalizes Fitt(f ) — F^ 
it normalizes 9c,s — . Uc,s- The Fitting subgroup F^ normalizes ^^^s 
because it is contained in 9c.s- Hence, f — F^ . C normalizes 0c,s- Hence, iii) 
holds. □ 



8 Arithmetic subgroups of Aut(r) 

Let F be a polycyclic-by-finite wfn-group. As usually, the group F is consid- 
ered as embedded in the Q-points of its algebraic hull Hp. This also fixes an 
embedding of Aut(F) in the Q-points of the Q-defincd linear algebraic group 
Auta(Hr). 

We set F = Fitt(F) and write F for its Zariski-closure. We assume for this 
section that F admits a nilpotcnt-by- finite supplement. Thus we may choose a 
nilpotent-by-finite subgroup C of F such that F = F • C holds. We choose C 
maximal with these properties. We write C = C for its Zariski-closure. Then 
C = F n C. We further choose a Q-defined d-subgroup S < C. Associated with 
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these data comes a unipotent shadow 6 = ^c,Sj as constructed in the previous 
section. We make the additional assumption that is a good unipotent shadow 
(see Definition I7.3|l . Our general philosophy is that we always can replace a 
general wfn-group T by one of its thickenings to enforce these assumptions. 
We define U to be the unipotent radical of Hp. The unipotent shadow 6 < 
U(Q) provides us with arithmetic subgroups of suitable Q-closed subgroups of 
Auta(Hr) (compare Section We then will find the position of Aut(r) < 

Auta(Hr) relative to them. Given a subgroup B < Auta(Hr) we define 

B[e]:={^eB\<^{e)^e} (30) 

to be the stabilizer of 6* in £?. We have: 

Lemma 8.1 Let B < Auta(Hr) be a Q-closed subgroup which acts faithfully on 
U. Then B[9] is an arithmetic subgroup of B. 

The lemma follows along the principles used in Section r3.2l that is, by linearizing 
the action on U via the exponential function to a linear action on the Lie algebra 
of U. 

As a first application of Lemma FS. II we obtain that Ag[0] is arithmetic in A^, 
(see Section rOl for the definition of ^g). We deduce: 

Proposition 8.2 Given the data (F, C, S) as described above. Then 

Inn^^ -Am < ^HrlF(Q) 

is an arithmetic subgroup ofAn^^^p. 

Proof. By our definitions, A^[9] normalizes both F and 9, and hence also Fn9. 
We have F O 9 ~ F since 6* is a good shadow. It follows that 

F X Al[9] <F»Ai 

is an arithmetic subgroup. We consider the natural Q-defined homomorphism 
F X -4Hr|F which is induced by (|17|) . By Proposition l3.13l it is surjective. 

This implies the result. Of course we have also used that the image of an 
arithmetic group under a Q-defined homomorphism is arithmetic (see ARl of 
Section El). □ 

We turn now to the task of comparing Aut(r) to the above arithmetic groups. 
We define, as in the introduction, 

Ar\F ■■= {<P e Aut(r) I (f>\ r/F = idr/r} ■ 
Clearly, Ar\F is a characteristic subgroup of Aut(r). Set also 

A^^p := {0 eAr\F\ HC) - C} . 
We obtain from Proposition 15. 51 

Lemma 8.3 Given the data (F, C, S) described above, Inn^ • A'^^^ has finite 
index in A-p^F- 



30 



Next we analyze the group Ap|^[6']. We obtain from Proposition 17. 51 ii) : 

Lemma 8.4 Given the data (F, C, S) described above, A^p[9] has finite index 
in A^iF- 

We have the semi-direct product decomposition C = Uc • S. Relative to this 
decomposition we can consider the quotient homomorphism tts : C — s- S, and 
define 

S:=nsiC), So:=nsiCnC°) (31) 

Notice that, by the constructions in Section[7| we have c-7rs(c)^^ G 9, for every 
c G C. We need the following technical observations: 

Lemma 8.5 Given the data (F, C, S), described above and Sq as defined in 
L'U\} . we have 

i) The group S normalizes F (1 C and Sq centralizes it: 

ii) Let <i> be the extension of the automorphism (p G yl.p|p[0] to an automor- 
phism of Hp. Then <l>(s) • s^^ G _F n C holds, for every s G S. If s £ Sq 
then <I>(s) • s~^ = 1. 

Proof, i): Let s be in S, choose c G C with 7rs(c) = s and define v = c-ns{c)~^. 
As remarked above, we have v € 9. Since c normalizes FnC, the following holds 

s(FnC)s-i ^ y-'^ {F n C) v . 

The right hand side is in 9 and in F, hence in 6* n F = _F. This implies that the 
right hand side is in D = F n C. The subgroup 13 < F is nilpotent-by-finite 
and normalized by C. Both C and D are contained in C. Hence (C, Z3) is a 
nilpotent-by-finite supplement in F. Since C is maximal, we have D = FnC < C 
and the first part of i) follows. For the second part, notice that F O C < C°. 
ii): Let s be in S, choose c £ C with 7rs(c) = s and define v — c- 7rs(c)^^. Then 

0(c)c"^ = $(i;)$(s)s"ii;"\ 

Since $ is the identity modulo F, the right hand side is in U, whereas the left 
hand side is in C. Hence, the right hand side is in CflU < Our assumptions 
imply $(s)s~^ G 9 and then <^{s)s~^ G 9 — F. Here we have used that 
is a good unipotent shadow. Furthermore the above equation shows that 
<i>(s)s^^ G C holds. As under i), we finish the proof of the first part of ii) by 
remarking that _F n C is contained in C. For the second notice that if s G S° 
holds then $(s)s-i G F n S° = {1} follows. □ 

We proceed with the construction of subgroups in Aut(F). Wc define 

A^\fW := { e A^\f[S] I $(S) = S, $|s = ids }. (32) 

Here $ is as always the extension of the automorphism G Aut(F) to an 
automorphism of Hp. We have: 

Lemma 8.6 Given the data (F, C, S), as above. Then Inn^^nc ■ ^riFt^]'^ 
finite index in A^.p[9]. 
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Proof. Notice first that Innpnc is contained in ^p|^[6'], as follows from the 
definitions. Let S, Sq C S be the subgroups defined in The quotient group 
fi — S/So is finite and acts by conjugation on F n C (see Lemma 1531 1')'). We 
let Z^(/i,Fn C) be the corresponding set of 1-cocycles and H^(/i,Fn C) the 
cohomology set (see Sectional for definitions). This cohomology set is finite, by 
Lemma 16.11 

Given </> G Ap|j^[0] with extension we obtain, using Lemma |8. 51 a map Z?^ : 
S ^ F n C hy setting D^{s) — <i>(s) • s^^ . The verification of the following is 
straightforward: 

• the above D induces a (well defined) map D : A^^p[0\ Z^{ii,Fr) C), 

• the map D from the previous item induces a (well defined) map 

D : A^|^[(?]/lnn^nC-^?|F[^]' F (1 C), 

• the map D is injective. 

As remarked before, H^(/i, F O C) is finite and the lemma is proved. □ 
We put now Lemmas 18.31 18.41 18.61 together and obtain: 

Lemma 8.7 Given the data (F, C, S), as above. Then the group Inn^ •^p|j^[0]^ 
is of finite index in A-p^p. 

The link between ProDOsition l8.2l and Lemma [8. 71 is given by: 

Proposition 8.8 Given the data (F, C, S), as above. Then A^^p,[9]^ — A^[9]. 

Proof. By the definitions, ^p|p.[6']^ < A^iO] holds. Now let <& be an element 

of y^sl^]- We show that $ is contained in Aut(r). First of all, we have $(F) = 
^{9 n F) = ^{9) n $(F) = F. Here we used that 6^ is a good unipotent shadow. 
Since tf>|H°/F = idn" /Fi it follows that ^\e/F — ide/F- Let c £ C , c — us with 
u ^ 9 and s E S. By the above, <!>(«) = fu, for some f E F. Therefore, we get 

$(c) <i)(u)<i)(s) = ^{u)s = fus = fc eT . 

Since $(C) = C, it follows that $(c) G FnC = C. This shows that <I> stabilizes 
C. Hence, $(F) = $(FC) ^ FC = T. Thus, $ e Aut(F) holds. The lemma 
follows. □ 

Putting together Lemma [8.71 Proposition 18 . 81 and Lemma [4. 81 we obtain: 

Corollary 8.9 The group A-p^p is an arithmetic subgroup o/^Hr|F- 

Finally, let us consider the arithmetic subgroup Ag (see Definition I3.7(> of the 
group Auta(Hr). The group Ap|^[0] is defined as the stabilizer of 9 in A-p\p. 
We note: 

Proposition 8.10 A finite index subgroup of Innr • Ap|j7[0] is contained in Ag. 
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Proof. By construction, wc have ^p|^[6']^ < Ag. The group Innr stabihzes 9, 

by Proposition 17 . 51 in) . Obviously Inn^ is contained in Ag. We have T = F ■ C. 
Let c be an element of C, we write c = v ■ s with v d 9, s d S. Then Inn,j e Ag, 
and hence Inn^. stabilizes 9. Clearly, Inn^ G Auta(Hr)s, therefore Imis is also 
in Ag. This shows that Innr is contained in A^. Now Innr ■ j4p|j,[0]^ is a finite 
index subgroup of Innr • ^riFi^l? by Lemma 18.71 □ 



9 The automorphism group of F as a subgroup 

of Aut„(Hr) 

This section contains the final proof of Theorem 1 1.41 We also provide the input 
for the proofs of Theorem 11.31 and Theorem ll.il (These proofs will be given in 
Section ini) 

Let r be a polycyclic-by-finite wfn-group. We stick to our usual conventions. 
Namely, T is embedded in the Q-points of its algebraic hull Hp, Aut(r) < 
Auta(Hr)(Q), and U is the unipotent radical of Hp. We also fix, as a reference, 
a thickening T = F~ • T of F in Hr- We choose a thickening which satisfies 
the assumptions of Section [S] on the data (r,C, S). In particular, C < F is a 
maximal nilpotent-by- finite supplement, C = C its Zariski-closure, S < C a 
maximal Q-defined d-subgroup, and = 0j=, is a good unipotent shadow for F. 
Such a thickening exists, by Proposition [Ql 

Proposition 9.1 Let T be a polycyclic-by-finite wfn-group. Then the subgroup 
Innr • ^r|F has finite index in Aut(r). 

Proof. Recall that Ar\F — {0 6 Aut(r) | (t)\r/F — idr/f}- We shall use that 

Ar\F = Aut(r) ny^HriF = Aut(r) ny^HrlU- (33) 
This is a straightforward consequence of Proposition ^31 

Let us put N = 7ru(r), and M = 7ru(ro), where Fq = FnH". Define S = Hr/U 
and note that S is a Q-defincd d-group. 

Let e Aut(r) and let $ e Auta(Hr) be its extension to Hr. The Q-defined 
automorphism $ induces a Q-isomorphism $g of S, which preserves N and 
M. The restriction of $g to N will be denoted by (j)N- By the rigidity of 
tori (AG7), for all in a finite index subgroup of Aut(F), is the identity 
on M, that is (j)N e Aut{N,M). Thus, by Lemma 1^ (j)^ G Innj^^ holds in 
a finite index subgroup of Aut(r). If (/j^t e lim^j, there exists c e Fq such 
that (inn^ ° ^) n ~ Since N is Zariski-dense in S, this implies Inn^ o g 
Aut(F) n .4Hr|u — Ar|F- Therefore, Inur^^ • Ar|i? is of finite index in Aut(F). □ 

Proof of Theorem \1.4\ By the results proved in Section |4.1l Aut(F) is 

contained in the Q-points of Auta(Hr). We come now to the statement about 
Ar\F- We use that Aut(F) is naturally contained in Aut(F) as a subgroup of 
finite index, see Proposition 14.101 The obvious fact that F — Fitt(F) satisfies 
FOT = F implies that A-p^F — |f ^^^(-'^) '-'^ finite index in ^f|F- Hence, 
by CoroUarv 18.91 A-p^p is an arithmetic subgroup of -4Hr|F- 
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Now we prove that Aut(r) is, up to finite index, contained in the arithmetic 
group Ag defined relative to the good unipotent shadow 6 = 9f. (For the 
construction of Ag refer to Definition 13.71 ) Since Aut(r) is with finite index 
naturally contained in Aut(r) (see Proposition 14. it is enough to prove that 
a finite index subgroup of Aut(r) is contained in Ag. The latter is implied by 
Proposition 18.101 and Proposition 19.11 . □ 

Proof of Theorem M.'A for wfn-groups. By Proposition 19.11 we have that 
Innr • ^r|F is of finite index in Aut(r). Moreover, V — F ■ C contains P as a 
subgroup of finite index. Hence, • (P n C) is of finite index in P. We have 
Imip is in Ay\f- Therefore, Inn^ • Ay\p is of finite index in Aut(P). Now choose 
a finite index invariant nilpotent subgroup B of Inn^ to obtain the result. □ 

The usual induction procedure gives the following immediate corollary of The- 
orem ^31 

Corollary 9.2 Let T he a polycyclic-by-finite wfn-group. Then there exists a 
faithful representation o/ Aut(r) into GL(n,Z), for some n G N. 

10 Extensions and quotients of arithmetic groups 

In the following we shall accumulate some results about extensions and quotients 
of arithmetic groups which will be necessary for the proofs in the next subsection. 
To formulate these results we need the following concepts. 

Definition 10.1 Let .4 be a Q-defined linear algebraic group and A < A a 
subgroup. An automorphism (jj of A is said to be A-rational if there is a Q- 
defined automorphism of A which normalizes A and coincides with (j) on A. 
Moreover, a homomorphism p : A — > G{Q) into a Q-defined linear algebraic 
group Q is called A-rational if p extends to a Q-homomorphism : A ^ G- 

Definition 10.2 Let G be a group of automorphisms of A. If the action of G 
on A extends to an algebraic group of automorphisms on A (see Definition 12. l|l 
then G is said to be an A-algebraic group of automorphisms of A. 

As explained in the introduction, a finite extension group of an arithmetic group 
need not be arithmetic. We shall give now a slight generalization of a criterion 
from (21. which allows to show that certain finite extension groups of arithmetic 
groups are again arithmetic. 

Lemma 10.3 Let A be a Q-defined linear algebraic group and A < A a Zariski- 
dense arithmetic subgroup. Let B > A be a group containing A as a normal 
subgroup of finite index. Suppose that conjugation of B on A is A-rational. 
Then the following hold: 

i) The inclusion of A into A can be extended to an embedding of the group B 
as an arithmetic subgroup into a Q-defined linear algebraic group B which 
contains A as a subgroup of finite index. 
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a) Every automorphism of B which normalizes A and which induces an A- 
rational automorphism of A is B-rational. 

Hi) Let G he a group which acts by automorphisms on B which normalize A. 
If G acts as an A-algebraic group of automorphisms on A then G is a 
B-algebraic group of automorphisms of B. 

iv) Let p : B ^ Q{Q) be a representation of B which restricts to an A-rational 
representation of A. Then p is B-rational. 

Proof. Statement i) is an application of 21, Proposition 2.2]. The Q-defined 
linear algebraic group B is constructed through the usual induction procedure, 
and if i? = {ri, . . . , r„} C i? is a complete set of coset representatives for A in 
B then R also forms a complete set of coset representatives for A in B. There 
exists thus r.y e R and Oij G A such that rirj = rijOij. 

We show iv). Let p : B ^ Q he a homomorphism of B whose restriction to A 
is ^-rational. That is, there is a Q-defined homomorphism pji : A —> G with 
P>t(«) = for all a ^ A. We shall show now that p is S-rational. Note first 
that, for all b E B and all a G we have 

PA{b^^ab) = p{by^pA{a)p{b) , 

since this identity is valid on the Zariski-dense subgroup A of A. Define now a 
map f : B ^ g hy 

f{ria) := p{ri)pA{a) {i = l,...,n, aG A). 

Clearly, / is a Q-defined morphism of varieties. A straightforward computation 
using the above mentioned identity shows that / is a homomorphism of groups. 
It follows that / is a Q-defined homomorphism of linear algebraic groups. It is 
clear that / coincides with p on B. This proves iv). 

Note that ii) is an immediate consequence of iv). 

To prove iii) use ii) , and note that the condition of being an algebraic group of 
automorphisms on B depends only on the connected component B° = A° . □ 

The following remark is evident from the definition of an arithmetic group. 

Lemma 10.4 Let B be a Q-defined linear algebraic group and A < B < S(Q) be 
subgroups. Assume that A is of finite index in B and is an arithmetic subgroup 
of its Zariski- closure. Then B is an arithmetic subgroup of its Zariski-closure 
in B. 

We apply the lemmas just proved to show Proposition 1 1.81 

Proof of Provosition \1.8l Since A is residually finite we can choose a subgroup 
C of finite index in A which is normal in A and satisfies EOC — {1}. To obtain 
a normal such C, take a finite index subgroup of A with this property, and then 
intersect over (the finite number of) all subgroups of the same index. 

Choose a Q-defined linear algebraic group A and a group homomorphism p : 
A A with kernel E such that the image is a Zariski-dense arithmetic sub- 
group of A. The homomorphism p is injective on C and p(C) is an arithmetic 
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subgroup of A. Clearly, the conjugations by elements of A induce y^-rational 
automorphisms of p{C). We may now finish the proof by using Lemma 1 10. 31 □ 

Next we study certain arithmetic quotients of arithmetic groups. 

Proposition 10.5 Let A be a Q-defined linear algebraic group and A < A a 
Zariski-dense arithmetic subgroup. Let N < A be a normal subgroup of A and 
let Af denote the Zariski-closure of N in A. Assume furthermore that N has 
finite index in Af H A. Then: 

i) The group A/N embeds an arithmetic subgroup into a Q-defined linear 
algebraic group D . 

a) Every A-rational automorphism of A which normalizes N induces a D- 
rational automorphism of A/N. 

Hi) Every A-algebraic group of automorphisms on A which normalizes N in- 
duces a V-algebraic group of automorphisms of A/N. 

iv) Let p be an A-rational representation of A with N < kerp. Then the 
induced quotient representation of A/N is V-rational. 

For the proof of Proposition II . 51 we need the following lemma. 

Lemma 10.6 Under the assumptions of Provosition HU. 5\ there exists a finite 
index subgroup C < A such that Af H C < N. 

Proof. To prove the lemma, we may clearly assume that the group A is 
connected. Let be the unipotent radical of A. The unipotent radical XJj^f of 
Af is contained as a normal subgroup in U_4. We may now choose a reductive 
complement A'""^ for U^, such that Af'"'^ = AfoA'^'"^ is a reductive complement 
for Uj^ in Af. In particular, Af'^'^'^ is normal in A'^°'^. Thus, by AGS, we may 
choose an almost direct complement H for TV"^"^ in A'^'^'^. That is, 7i is a Q- 
defined subgroup of A'^'^'^ which centralizes Af^'°'^, satisfies A"'^'^ = Af'''°'^ ■ Ti and 
has finite intersection Af'^'^'^ H TL. 

We put Nu = \Jjsrr\N, and Ni = Af'""^r\N. Since iV is arithmetic in TV, Nu-Ni 
has finite index in N . Since A'u is arithmetic in the unipotent group Uj\/, there 
is a congruence subgroup G of A with the property \Jjsf fl G < A^u (see |SHI, 
Chapter 4, Theorem 5). This congruence subgroup may be chosen torsion-free 
as well. We now set 

Gu = n G, Gi = A/''''=^ n G, Gn='HC^G . 

Since G is an arithmetic subgroup of A^ the product Gu • Gi • Gu is of finite index 
in G. Both A^i and Gi are arithmetic subgroups olAf'"^'^. Hence, Gi = A^i n Gi 
has finite index in A^i and Gi. Therefore, 

G — Gu ■ Gi • G-j-i 

has finite index in G and A. Since G is torsion-free. A/" n G is contained in 
Gu • Gi. Now we find that 

A/" n G < Gu • Gi < (U^ n G) • {N"''^ OG) <Nu-Ni<N . 
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This finishes the proof of the lemma. 



□ 



Proof of Provosition \10.^ Replacing the subgroup C constructed in Lemma 
110.61 above by one of its subgroups of finite index and also possibly by C • A^, 
the following can be arranged: 

• C is a normal subgroup of finite index in A, 

• C is normalized by every automorphism of A which normalizes N. 

Let C denote the Zariski-closure of C. This is a Q-closed subgroup (of finite in- 
dex) in A which contains Af. Also C/iV is contained as a Zariski-dense subgroup 
in the Q-defined linear algebraic group C/Af. Moreover, C/N is an arithmetic 
subgroup of C/Af, by ARl. 

Now B = A/N is a finite extension group of C/N. Clearly, conjugations by 
elements of A give rise to C/A/'-rational automorphisms of C/N and so does 
every ^-rational automorphism of A which normalizes N. Therefore, the group 
D may be constructed by application of Lemma 1 10. 31 thus proving i), ii), iii). 

To prove iv), let : A —i- G denote the algebraic extension of p, and let 
Pa/n '■ A/N — > G{Q) be the quotient representation induced by p. Clearly, its 
restriction to C/N is C/A/'-rational, since p_A factors over C/A/. Thus, part iv) 
of Lemma 110.31 shows that pa/n is I'-rational. □ 

In the following we deal with the fact that a group which is isomorphic to an 
arithmetic group may admit essentially different arithmetic embeddings into 
linear algebraic groups. This phenomenon plays a role in our arithmeticity 
proofs. At this point we will also need the full strength of the assumption that 
G acts as an algebraic group of automorphisms on A < A, in order to extend 
the action of G to a modification of the ambient group A. 

Proposition 10.7 Let A be an arithmetic subgroup of a Q-defined linear al- 
gebraic group A and G an A-algebraic group of automorphisms of A. Let D 
be a normal subgroup of A which is contained in the center of A and which is 
normalized by G. Then the group A can be embedded as an arithmetic subgroup 
into a Q-defined linear algebraic group £ such that: 

i) The subgroup D of A is unipotent-by- finite in £. 

ii) The group G acts as an £-algebraic group of automorphisms of A. 

iii) If p : A —I- G{Q) is an A-rational representation which satisfies D < kcrp 
then p is £ -rational. 

Proof. Clearly, there is no harm in assuming that A is Zariski-dense in A. We 
choose a subgroup C < A, subject to the following conditions: 

• C is torsion-free and a normal subgroup of finite index in A, 

• C is contained in the connected component A° of A, 

• C is normalized by G. 
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Note that C is Zariski-dcnsc in A° . We define Gi = Inn^ • G to be the subgroup 
of the automorphism group of A which is generated by Inn^i and G. Then Gi 
acts by Q-defined automorphisms on A. Now Lemma [2.21 and Lemma [2.61 show 
that Gi is an ^-algebraic group of automorphisms of A (and also of G). Hence, 
according to Proposition 12. 71 there exists a Gi-invariant almost direct product 
decomposition 

A° = Zi-Ai , 

where Zi is the Q-closed central d-subgroup consisting precisely of the semisim- 
ple elements contained in the center of A° , and Ai is a Q-closed normal subgroup 
of A with unipotent by-finite center. 

Next we define 

Zi = G n Zi , Gi = G n ^1 , Ga = • Gi . 

Observe that Zi is an arithmetic subgroup of Zi and that Gi is arithmetic in 
Ai- It follows that G2 is arithmetic in A and of finite index in G. Since G is 
torsion-free, we have ZiDCi = {!}, and therefore G2 is isomorphic to the direct 
product Zi X Gi . The action of Gi as an y^-algebraic group of automorphisms 
of G stabilizes the factors Zi and Gi, and hence also G2. 

Now put T) for the Zariski-closure of D. Since D is central in A, T) < Z{A). 
It follows that the maximal c?-subgroup St> of V is contained in Zi. Since 
St> is invariant in V, there exists, by virtue of AG6, an almost direct product 
decomposition Zi = Sv ■ S2 which is respected by Gi. We define Z-p — ZiHSt) 
and Z2 = Zi n S2- By the arithmeticity of the factors Zi and Z2, the product 
Zj) ■ Z2 is of finite index in Zi . Also this decomposition is preserved by Gi . 

Now define G3 = Zp ■ Z2 ■ Ci < Sj) ■ S2 ■ Ai- This group is an arithmetic 
subgroup, Gi-invariant and of finite index in A. Since it is torsion-free it is also 
a direct product of its factors. Let us put A2 ^S2-Ai and A2 = ^2 / (-^2 n 5x) ) . 
Then we have an induced arithmetic and Zariski-dense embedding 

G3 = Zx, X {Z2 X Gi) < SvxA2. 

Since Zx> is isomorphic to Z", for some n > 0, we may embed this group as an 
arithmetic subgroup into G" . This gives rise to an arithmetic and Zariski-dense 
embedding 

G3 = Zp X (Z2 X Gi) < X A 

which has the property that D O C3 is unipotent by- finite in G" x A2 ■ 

Note that Gi induces an ^2-algebraic group of automorphisms of Gi . We con- 
sider now the arithmetic embedding of Zjj into the unipotent group G^. The 
action of Gi on Z-p extends to an action by Q-defined automorphisms of G". 
This turns Gi into a G"-algebraic group of automorphisms of Zx>- We infer 
from Lemma [2.51 that the product action of Gi on G" x A2 turns Gi into an 
algebraic group of automorphisms of G" x A2- This, in particular, turns Gi 
into an G" x ^2-algebraic group of automorphisms of G2. 

Now let p be an yl-rational representation of A which contains D in its kernel. 
In particular, it satisfies V < kerp_4, where denotes the extension of p 
to A. The restriction of to A2 gives rise to a Q-defined homomorphism 
p : G" X A2 ^ G which has the subgroup G" in its kernel. We contend that p 
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extends the representation p on C3. This is easily verified. Thus p : C3 — > is 
G" X ^2-i'ational. 

Since C3 is normal and of finite index in A, this allows, by application of Lemma 
I1U.3I to embed the group A as an arithmetic subgroup in a finite extension £ 
of G" X A2 such that G acts as a f-algebraic group of automorphisms of A. 
This embedding has the property that the finite index subgroup C3 H D < D 
is unipotent. Hence, D is unipotent-by-finite under the embedding of A into 
£. This proves i) and ii). The last statement of Lemma flQ.31 asserts that p is 
^-rational, since the restriction of p to C3 is G" x ^2-rational. □ 

Part of Proposition II () . 71 is reminiscent of Corollary 3.5 from and of Propo- 
sition 3.3 from ||21j, but it is stronger since no passages to subgroups of finite 
index are required. Our ultimate arithmeticity result is contained in the next 
proposition. 

Proposition 10.8 Let A be a <Q)-defined linear algebraic group and let A < 
A{Q) be a Zariski-dense subgroup. Assume N ,B,C are normal subgroups of A 
such that the following hold: 

i) N ■ B has finite index in A, 

ii) B is an arithmetic subgroup in its Zariski-closure B, 
Hi) C is an arithmetic subgroup in its Zariski-closure C, 
iv) C < N n B and D ^ {N n B)/C is m the center ofB/C. 
Then A/N is an arithmetic group. 

Moreover, there exists an arithmetic embedding of A/N into a Q-defined linear 
algebraic group An which has the following property: For any A-rational rep- 
resentation of A with N < kerp, the induced quotient representation of A/N is 
an An -rational representation. 

Proof. The group A induces by conjugation an ,S-algebraic group of auto- 
morphisms of B which we call G. Note that B and C are normal in A, and 
preserved by G as well. Since B and C are arithmetic subgroups of their respec- 
tive Zariski-closures, we find that C has finite index in C C] B. We may hence 
use Proposition ll0.5l to embed the group B/C as an arithmetic subgroup into a 
Q-defined linear algebraic group 2?. This embedding has the property that the 
group G of automorphisms of B/C is IJ-algebraic. 

We consider now the subgroup D — {N H B)/C in B/C. By our assumption 
iv), D is central in B/C. Since G is P-algebraic, we may, by Proposition II 0.71 
change the arithmetic embedding of B/C in V to an arithmetic embedding of 
B/C into a Q-defined linear algebraic group £ such that D is unipotent-by-finite 
in £. Moreover, the group G acts as an £-algebraic group of automorphisms. 

Let us consider now the Zariski-closure 2?i of Z? in f . Since D has a unipotent 
finite index subgroup, D is an arithmetic subgroup of the Q-defined algebraic 
group 2?i. (For a proof consult |3H| Chapter 8]). Since D is an arithmetic 
subgroup it has finite index in Vi HB/C. Therefore, we may apply Proposition 
ll().5l to embed the quotient [B/C) / D as an arithmetic subgroup into a Q-defined 
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linear algebraic group Bi such that G acts by Si-rational automorphisms on 
{B/C)/D. 

By assumption i), A/N is isomorphic to a finite extension group of 

{B/C)/D = B/Br\N = {N -B) /N. 

The elements of A/N act on {B/C)/D as Si-rational automorphisms since the 
elements of G have this property. Finally, we apply Lemma 110.31 to find that 
A/N is arithmetic in a Q-defined linear algebraic group . 

To prove that the restriction of p to A/N is ^jy-rational, we have to carry over 
the rationality of p in each of the construction steps above. The details are 
easily verified. □ 



11 The arithmeticity of Out(r) 

This section contains the complete proof of Theorem II . II which proceeds in two 
steps. These steps are carried out in Section [11.11 and in Section [11.21 On our 
way, we provide (respectively, finish) the proof of Theorem 11.51 in Section 111.11 
as well as the proofs of Theorem II .31 and of Theorem 1 1.91 in Section [11.21 

Throughout this section, F denotes a polycyclic-by-finite group. We also stick 
to the notation introduced in Sections 2 to 6. In particular, F < F denotes the 
Fitting subgroup of F. If in addition F is a wfn-group, Hr denotes the algebraic 
hull of F, and F the Zariski-closure of F. 

11.1 The case of polycyclic-by-finite wfn-groups 

The purpose of this subsection is to prove Theorem 1 1.51 of the introduction. Let 
us therefore assume here that F is a wfn-group. The arithmeticity of Out(F), in 
the case that F is a wfn-group, is an immediate consequence of the structural 
properties of the embedding Aut(F) < Auta(Hr)(Q) together with Proposition 
110.81 To see this let us put now 

A = Aut(F) , N = Innr , B = Ar\F , G = Inn^ . (34) 

Then we have: 

Proposition 11.1 Let T he a wfn-group. Then the subgroups N,B,G < A 
defined in H34|l satisfy the hypotheses of Proposition \10.Hl with respect to the 
Zariski-closure A o/Aut(F) m Auta(Hr). 

Proof. Condition i) requires that N ■ B = Innr • ^r|F has finite index in 
A = Aut(F). This is contained in Proposition 19.11 Theorem 11.41 savs that 
B = Ap^p is arithmetic in its Zariski-closure B in A. This implies condition ii). 

The construction of the algebraic structure on Auta(Hr) (see Subsection 13. 1|) 
shows that the group Innp is a Zariski-closcd subgroup of the unipotcnt radical 
of Auta(Hr). Moreover, Innp contains the finitely generated group Inn^? as a 
Zariski-dense subgroup of rational points. In particular, G = Inn^? is arithmetic 
in its Zariski-closure. This implies condition iii). 



40 



We shall finally verify the conditions iv) of Proposition I1U.8I Clearly we have 
Inn^ < Innr H Ar|F, that is, C < N n B. Now let $ e Ay-\f and 7 G T with 
Inn-y e Ap^p. Then $(7) = 7/, where / e F. It follows that 

$ o Inn^ o = Inncj^^-) = Inn^ Inn/. 

This shows that Innr H Ar|F = N O B projects onto a central subgroup of 
B/C Ar|F/Inn^. Hence, iv) holds. □ 

Proof of Theorem \1.5l We may now apply Proposition 111). 81 which asserts 
that there exists a Q-defined linear algebraic group 

Or = An = -4lnnr 

which contains an isomorphic copy of the group Out(r) = v4/7V as an arithmetic 
subgroup. This already establishes the arithmeticity of Out(r). 
Consider next the algebraic outer automorphism group 

Out,(Hr) = Aut,(Hr)/lnnHp , 

and let ttf : Out(r) Outa(Hr) be the homomorphism induced on Out(r). 
Since the natural map Auta(Hr) — > Outa(Hr) is a Q-defined homomorphism, 
it induces a Q-defined homomorphism A Outa(Hr). Since 7rr contains 
N = Innr in its kernel. Proposition 110.81 asserts that the homomorphism irp : 
Out(r) Outa(Hr) can be extended to a Q-defined homomorphism 

TTOr : Or ^ Outa(Hr) . 

This proves the first part of Theorem 1 1.51 

To show the statements about the kernel of 7rr, we define: 

K = ImiH n Aut(r), Kf = Innn n Ar\F, Ef = Inup^ n Ar\F ■ 

Lemma 11.2 With the above notation the following hold: 

i) Inn^ has finite index in Ep- 

ii) There is a finite index normal subgroup T < A-pip such that T D Ef < 
Inn^. 

Hi) The commutator group [A-p\Ft Kf] is contained in Ep- 

Proof. Note that Inn^ is Zariski-dense and arithmetic in the unipotent group 
Inup . Since Ay\f is an arithmetic subgroup of its Zariski-closure in A, Ep is 
arithmetic in Innp as well. This implies i). 

Now ii) follows from i) together with the congruence subgroup property for 
Inn^. (Compare the proof of Lemma Fl 0.61 ) 

For iii), let $ be the extension of S Aj^^p to an automorphism of Hp. Let 
/i e H such that Inn/j = ip & Kp. Since <I> e ^Hr|F 

$ o Inn/i o <I)^^ = Inn^f/j) = Inn/j o Innj^. 
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This in turn gives ip ^ o cj) o tp o (p ^ (z Inn^"" n A-p^p = Ep, proving iii). □ 

The kernel of 7rr is the image of K = ImiHr H Aut(r) in Out(r). Let Kp and Ep 
be the images of Kp^ Ep in Ap|^/lnn^. Let T be the corresponding image of 
the finite index subgroup T < Ai'^p as in Lemma ril.2l ii'). Lemma Fll. 21 i) shows 
that Ep is finite. By ii) and iii) of the same Lemma, Kp is centrahzed by the 
finite index subgroup T < Ar|_F/lnn^. In particular, Kp is abelian-by-finite. 
Consider now the commutative diagram 

Ar\p/lnnp ^ Out(r) = Aut(r)/lnnr 




Outa(Hr) 

of natural homomorphisms. By AR3, every abelian subgroup of an arithmetic 
group is finitely generated. Hence, the image of Kp in Out(r) is so. We may 
also infer that Kp is finitely generated. 

Since Imir ■ j4r|F has finite index in Aut(r), the normal subgroup Kp maps onto 
a finite index subgroup of the image of K in Aut(r)/lnnr. This proves that 
ker TTr is finitely generated, abelian-by-finite and centralized by a finite index 
subgroup of Out(r). If F is nilpotent-by- finite then Ep is of finite index in Kp, 
and hence ker ttf is finite. This finishes the proof of Theorem II. 51 □ 

11.2 The case of a general poly cyclic-by- finite group 

In this subsection, we explain the transfer of our arithmeticity results from the 
case of wfn-groups to general polycyclic-by-finite groups. Thereby, we provide 
the final step in the proofs of Theorem If .11 and Theorem 11.31 We also prove 
Proposition 11.61 and Theorem 1 1.91 

Let r be a polycyclic-by-finite group. Let rr denote the maximal finite normal 
subgroup of F. Note that rr is characteristic in F that is, it is normalized by 
every automorphism of F. The quotient group 

f := F/rr 

is a wfn-group. We let j : F ^ F denote the quotient homomorphism. By 
Theorem 11.51 the group Out(F) is an arithmetic group. We shall show that 
Out(F) has the same property. 

Let Fo < F be a characteristic finite index subgroup with Fq n rr = {1}. We 
may suppose that the image Fq < F of Fq in F is also characteristic. (To obtain 
such a subgroup, let n e N be the index of a torsion-free subgroup of finite index 
in F. Take Fq to be the subgroup generated by all 7"', 76 F). 

Let us put 

fi F/Fo . 

The quotient homomorphism j and the projection to fi induce injective homo- 
morphisms 

if,: F ^ f X /X , and k,, : Aut(F) Aut(f ) x Aut(/i) . 
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We define finite index subgroups of Aut(r) and Aut(f ), respectively: 

{(t>e Aut(r) I 0r/ro - idr/ro } < Aut(r) , 

io := { e Aut(f ) I (/.p/p^^ = idp/p^^ } < Aut(f ) . 

Lemma 11.3 With the above notation the following hold: 

i) The group j^{T) is of finite index inV x fi. 

ii) Let F = Fitt(r). Then ]{F) is of finite index in Fitt(r). 

Hi) The induced homomorphism k : Aut(r) — > Aut(r) maps the group Aq 
isomorphically onto Aq. In particular, k(Aut(r)) is of finite index in 
Aut(f). 

iv) The subgroup Ap^p < Aut(r) is mapped by k onto a finite index subgroup 

Proof. Part i) is clear. For ii), note first that i{F) is a nilpotent ideal in T, 
and hence j(F) < Fitt(f). Then Fq = j"^(Fitt(f) n Fq) is a nilpotent normal 
subgroup of F which is of finite index in the preimage j~^(Fitt(F)). Moreover, 
Fq < F. Hence F is of finite index in this preimage. This implies ii). 
To prove iii), we show that kp(Ao) — Aq x {!}. Clearly, k^{Ao) is contained in 
Aq X {1}. Let ^p E A^. We show that there exists (f> G Aq such that tp — k{(f>) 
is induced by (j). If 7 G F, we let 7 — j(7) denote its projection into F. Since 
the projection j maps Fq isomorphically onto the invariant subgroup Fq, the 
automorphism ■0 defines G Aut(Fo) uniquely with the property that 

j('/'o(7)) = V'(7) (TeTo). 

Let F/Fq = Uj 7iFo be the coset decomposition. Now we can write ipili) = li^ii 
Ei G Fq. There exist unique Si S Fq such that ~ Si. We declare now 

(f'ilis) = 7i(Si0o(s) (s G To) . 

It is easy to verify that this actually defines an automorphism (p £ Aut(F). This 
(j) is clearly a lift of ip. 

For iv) consider the quotient homomorphism T/F — )■ T/F. By ii), this homo- 
morphism has finite kernel. Since it is surjective, the group A^^p is mapped 
into A-p^p by k. Let Ai be the preimage of ^f|^ in Aut(F). Now applying 
the reasoning of iii) to the above quotient homomorphism with finite kernel, we 
deduce that finite index subgroup of Ai acts as the identity on T/F. That is, 
Apip has finite index in Ai. This shows iv). □ 

Part iii) of the above lemma immediately implies Proposition 1 1.61 

Proof of Proposition^^; The groups Aut(F) and Aut(F) are commensurable, 
since they have isomorphic finite index subgroups Aq and Aq. If Aut(r) is arith- 
metic, then the product Aut(r) x Aut(/i) is arithmetic. Since Aut(F) embeds as 
a subgroup of finite index in the latter product, Aut(F) is an arithmetic group as 
well. Conversely, if Aut(F) is arithmetic, the finite index subgroup Aq < Aut(F) 
is arithmetic too. Therefore, the subgroup Aq < Aut(F) is arithmetic. □ 

A related result is: 
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Proposition 11.4 The subgroup A^'^p o/ Aut(r) is arithmetic. 

Proof. By iv) of Lemma 1 11. 31 the injection maps A-p\F onto a finite index 
subgroup of Af,^p x Aut(/i). Since |^ is arithmetic, by Corallarv l8.9l we can 
infer that Ap^p is arithmetic. □ 

Proof of Theorem \l.ci\ in the general case. As remarked above, the projection 
k maps Ay\f onto a finite index subgroup of Af^^p. Let _B < rnPo be a nilpotent 

subgroup such that Af^^p • j(-B) is of finite index in Aut(r) (see SectionEJ. Then 
j4r|F • -B is of finite index in Aut(r). Together with ProDOsition lll.4l this proves 
the required decomposition of Aut(r). □ 

As another consequence of Lemma fl 1.31 we infer that Out(r) and Out(r) are 
S-commensurable: 

Proof of Proposition \1.7\ Since k(Innro) < Inup is of finite index in Inup 
and k : Aq Aq is an isomorphism, Aq H Innr is a subgroup of finite index in 
k^^(ylo n Imif). We consider the map on quotients 

Aq/AoC] Innr ^ Ao/AoC] Innj, 

which is induced by k. The above imphes that k* has finite kernel. Since the 
left hand side is a finite index subgroup of Out(r), the corollary follows. □ 

Proof of Theorem in the general case. Let F be a polycyclic-by-finite 
group. Then we know that Out(r) is residually finite (by 01]). By Corollary 
11.71 it projects with finite kernel onto a finite index subgroup of the arithmetic 
group Out(r). Thus Proposition II .81 implies that Out(P) is arithmetic. □ 

Proof of Theorem M.fA By Proposition we reduce to the case of P. Using 
Proposition 19 . II we infer that P^f\F '^^ finite index in Aut(P). We finally use 
Theorem [T^ □ 

12 Polycyclic groups with non-arithmetic auto- 
morphism groups 

We present examples of polycyclic groups whose automorphism groups are not 
isomorphic to any arithmetic group. In particular, we shall prove Theorem ll.2l 

12.1 Automorphism groups of semi-direct products 

Here are some remarks concerning the automorphism group of groups F which 
are semi-direct products F yi D where Z) is a group and F is a (commutative) 
_D-module. 

We write the group product in F additively, and for /i e I?, we write f h ■ f , 
f G F,to denote the action of the element h on F. Let 9 be a subgroup of F. We 
write Inne for the subgroup of Aut(F) consisting of the inner automorphisms 
defined by the elements of O. Similarly as before, we put 

.4r|F :-{<^e Aut(F) | 0(F) = F, 0|r/F = idr/f }• 
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There are two constructions for automorphisms in Ar|F- For the first, let 

Dcr(£),F) = {d : D ^ F \ d(/ii/?,2) = z{hi) + hi ■ 2(^.2)} be the group of 
derivations from D into F. The group of derivations naturally obtains the 
structure of a £)-module by setting 

g*d{h) ■.= g- d{g'^hg) {g, h& D,de Der(D, F)). 

A derivation d G Dei{D, F) gives rise to an automorphism 0^ ^ T ^ T by 

Mini, 9)) ■■= {m + d{g), g) {m e F, g € D) . 

We write Aut'^(r) for the (abelian) subgroup of Ay\f consisting of these auto- 
morphisms. We remark that the homomorphism 

Ber{D, F) A^f, d^ (jjd {d G Der(£), F)) 

is I>-equivariant with respect to the above D-action on Der(D, F) and conjuga- 
tion by elements of limo on A-p^p. 

Let us define AutoiF) to be the group of D-equivariant automorphisms of F. 
Given a Z)-equivariant automorphism p : F ^ F, we define an automorphism 

(t^p{{m, g)) ■= {p{m),g) {m € F, g G D) . 

We write Aut^(r) for the subgroup of Ar\F consisting of these automorphisms. 

Proposition 12.1 Let F = F x D be a semi-direct product of a abelian D- 

module F by the group D. We then have: 

i) Ar|ir = Aut'^(r)-Aut'^(r). 
ii) Innr • Ar\F = (Aut^(r) • Aut'*(r)) • Innr,. 
Hi) Aut^(r) centralizes IniiD ■ 

iv) Aut'^(r) n Aut^(r) = {i}. 

v) Aut'*(r) is an abelian normal subgroup in Innr • ^r|F- 
The proof of this proposition is straightforward, we skip it. 

12.2 Examples 

In order to show that certain groups are not arithmetic we use the following 
simple criterion. 

Proposition 12.2 For a matrix A G GL(n, Z), let T{A) = Z" x: (A) be the split 
extension of Z" by the cyclic group generated by A. If T{A) is an arithmetic 
group then either A is of finite order or a power of A is unipotent or A is 
semisimple. 
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In the first two cases of Proposition ll 2 . 21 tliat is if cither A is of finite order or a 
power of A is unipotent the group r(^) is arithmetic. In case A is semisimple 
r{A) can be arithmetic but examples in ^T3 show that it need not have this 
property. 

Proof. Suppose that T{A) is an arithmetic group and that A is not of finite 
order nor a power of A is unipotent. In this case, we have Fitt(r(^)) = Z". 
Assume further that T{A) is an arithmetic group. We can find (compare ^1 
Theorem 3.4]) a solvable Q-defined linear algebraic group H, having a strong 
unipotent radical so that there is an isomorphism : T(A) T where F is a 
Zariski-dense arithmetic subgroup of H((Q)). Let U be the unipotent radical of 
H and let u denote the Lie-algebra of U. The exponential map exp : u ^ U 
is a Q-defined isomorphism of varieties. The adjoint representation leads to a 
Q-defined rational representation an : H Aut(u) which is defined by 

aiiig) {x) = exp~^{gexp{x)g~^) {g eU, x e u). 

Since an is Q-defined, the image aii{T) is a Zariski-dense and arithmetic (by 
ARl) subgroup of q:h(H). The kernel of an is equal to U. Taking the image 
under exp~^ of the standard basis in Z" we obtain a Q-basis of u(Q). Expressed 
in this basis V'(^) acts by the matrix A on the subspace Uq spanned by these 
elements. Also Hq stabilizes Uo. Hence the cyclic subgroup generated by A is 
arithmetic and Zariski-dense in Hi = Q!h(H). 

Let A = SJ be the Jordan-decomposition of A, that is J G Hi (Q) is unipotent 
and S e Hi(Q) is semisimple and JS = SJ holds. There is a n G N such that 
J" e Hi(Z), and hence a to e N such that J" £ (A). This imphes S"™ G (A). 
We infer that J =1. □ 

We shall discuss now the example from the introduction. That is, we choose 
d £ N not a square, set uj = \fd and let K = Q(ijj) be the corresponding real 
quadratic number field. We write x ^ x for the non-trivial element of the Galois 
group of K over Q. We consider the subring O = Z -I- Zw C K and choose a 
unit e = a -f 6tj of O which is of infinite order and satisfies ee = 1. 

Let Doo be the infinite dihedral group as in We further take F = O x Z 
with the I?oo-inodule structure defined as in As done in the introduction, 
we put 

r(e) :=Fxi?oo. 

We describe four derivations di, . . . , c?4 in Der(£)oo, _F) by specifying their values 
on the generators A, r of Doo ■ We define I to be the greatest common factor of 
a + 1 and hd. Now put: 

di(A) = (0,1), di(r) = (0,0); d^{A) = (0,0), d2(T) - (0,1); 
dM) = (^^,0), d3(r) = {io^^)■ d^{A) = (il±^,o] , d,ir) = (0,0). 



I 

Each of the above pairs of values defines a derivation by extension. 
We also define 



A 



( 1 


-2 








1 











-, -2(a+l) 


V 





g 2a + 1 



(35) 



46 



The structure of Aut(r(e)) is described in the foUowing proposition. 
Proposition 12.3 The following hold in Aut(r(e)); 
i) Aut D^{F) is finite. 

ii) The derivations c?i, . . . , 1^4 are a Z-basis o/Der(_Doo, F). 

Hi) The action of Inn^ on Der(_Doo, F) expressed relative to the basis di, . . . , ^4 
is given by the matrix A. 

iv) Aut(r(e)) contains a subgroup of finite index which is isomorphic to T{A). 

Proof. Items i) , ii) , iii) are proved by some straightforward computations which 
we skip. Remark that F is the Fitting-subgroup of r(e). Setting F = F(e) we 
know from Proposition 19 . II that Innr • ^r|_F has finite index in Aut(F(e)). The 
rest follows from ProDOsition ll2.1l □ 

We are now ready for the proof of Theorem 1 1.21 

Proof of Theorem \l.S\ Suppose that Aut(F(e)) contains a subgroup of finite 
index which is an arithmetic group. We infer from iv) in Proposition 112.31 that 
T{A) is an arithmetic group, where A is as in (j23). We finish by the remark 
that A does not satisfy the necessary properties in Proposition ll2.2l □ 

Building on the above method it is possible to construct many more examples of 
polycyclic groups F with an automorphism group Aut(F) which does not contain 
an arithmetic subgroup of finite index. For example, as a slight variation of the 
above groups F(e), we may replace the dihedral group Doc by the non-trivial 
semi-direct product Di of Z with itself, and let Di act on F = O x Z via 
its natural homomorphism to -Dqo- We thus obtain a torsion- free, arithmetic 
polycyclic group Fi(e) of rank five with non- arithmetic automorphism group. 
Another interesting class of examples may be constructed by starting with the 
(non-arithmetic) polycyclic groups constructed in For these examples the 
failure of arithmeticity is of rather different nature than in the groups F(e). 

13 Cohomology representations of Out(r) 

In this section we study the representation of Aut(F), F a torsion- free poly cyclic- 
by-finite group, on the cohomology groups H*(F, R), where R = Z,Q, C. Since 
inner automorphisms act trivially on the cohomology of F, the outer automor- 
phism group Out(F) is represented on the cohomology ring II*(F, i?). Consid- 
ering the special case i? = C, we find that the complex vector space II*(F,C) 
comes with a natural Z-structure which is given by the image of the base change 
homomorphism H*(F, Z) H*(F, C). Recall that this image is a finitely gen- 
erated subgroup containing a basis of H*(F, C). We fix here this Z-structure 
and its resulting Q-structure on II*(F,C). The representation of Out(F) is an 
integral representation on II*(F, C), that is, Out(F) normalizes the Z-lattice in 
H*(F, C) just described. The Q-structure on H*(F,C) allows us to identify the 
group of invertible linear maps GL(H*(F,C)) with a Q-defined hnear algebraic 
group. The Zariski-closure of the image of Out(F) in GL(II*(F, C)) is a Q-closed 
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subgroup. We will show that the representation of Out(r) on H*(r, C) is an 
arithmetic representation, that is, the image of Out(r) in GL(H*(r,C)) is an 
arithmetic subgroup in its Zariski-closure. In particular, this establishes our 
main results of Section lOl 

To carry over the information from the embedding of Out(r) into a linear alge- 
braic group to topology and to the study of the cohomology H*(r, R), we apply 
geometric methods originating from [H|. 

13.1 Automorphisms of Lie algebra cohomology 

An important special case in our theory is that of a finitely generated torsion- 
free nilpotent group F. In this case, the cohomology of F is intimately related to 
the Lie algebra cohomology of the Lie algebra of the Malcev completion of F, see 
Section 11 3. 21 We add here some well known facts about Lie algebra cohomology. 

Let Q denote a Lie algebra. The Lie product of g is expressed by a map tp : 
g A g ^ g which satisfies the Jacobi-identity. The cohomology ring H(0) of 
g is defined as the cohomology of the Koszul- complex JC of g, cf. The 
complex JC has the structure of a differential graded algebra. As a graded 
algebra /C = /\g* is the exterior algebra of the dual of q. The differential 
d of /C is determined in degree one, where d : q* ^ /\^ g* is defined as the 
dual of the Lie product ip. In particular, the cohomology of g in degree one is 
computed as H^(g) = Z^{g) = [g,g]^. Note furthermore that, via the duality, 
the automorphism group of the differential graded algebra JC identifies with the 
group of Lie algebra automorphisms Aut(g). The automorphism group Aut(g) 
acts on the cohomology H{g) with the inner automorphisms, generated by the 
exponentials of inner derivations of g acting trivially. 

Assume now that g is nilpotent. We consider the descending central series of 
g which is defined by g° — g, g'^^ = [g,g*]. Since g is nilpotent, g*"' = {0}, 
for some (minimal) A: G N. Dualizing the descending central series, we obtain a 

filtration go = {0} C gi . . . C gfe = g*, where g^ = (g')^, and dg^ C /\^ Qi^i. 

Lemma 13.1 Let ^ be a semi-simple automorphism of the Koszul- complex of 
the nilpotent Lie algebra g. //$ induces the identity on H^(g) then = id. 

Proof. Since <& is the identity on H^, it is the identity on gi. We prove by 
induction that $ is the identity on the subalgebra JCj, generated by g^, j > 1. 
Now g^- is obtained from Qj-i by adding finitely many generators x £ Qj. Since 
is semisimple, x may be chosen in a ^-invariant complement W of Qj-i in 
Qj. Since dx S JCi-i, d^x — ^dx — dx and d{^x — a;) = 0. Since W has no 
intersection with kerd^ = gi, this implies ^x ~ x. Therefore, $ is the identity 
on Q j , and hence on JCj . □ 

We thus obtain the following result: 

Proposition 13.2 LetQ he a nilpotent Lie algebra. Then the kernel of the natu- 
ral representation o/Aut(g) on the cohomology H(g) is unipotent. In particular, 
any reductive subgroup o/Aut(g) acts faithfully on H(g), even on H^(g). 
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13.2 Computation of H*(r,C) via geometry and Aut(r)- 
actions 

Before treating the general case, we start by recalling some known facts which 
allow us to compute the complex cohomology of a finitely generated torsion- 
free nilpotent group in terms of Lie algebra cohomology. Let 9 be a finitely 
generated torsion-free nilpotent group, and U the complex Malcev-completion 
of e, u the Lie algebra of U. Thus 6 < U(Q) and Me = e\U(R) is a smooth 
manifold which is an Eilenberg-Mac Lane space of type K{Q, 1). In particular, 
there is a natural identification of H*(9, Z) with the singular cohomology group 
H* (Me , Z) , see the discussion later in this section. By de Rham's theorem, the 
singular cohomology ring H*(Me,C) of the smooth manifold Me is isomorphic 
to the cohomology HQj^(Me,C) of complex valued C°°-differential forms on 
Me. In this situation, Nomizu 33 proved that the natural map from u into the 
differential forms on U(]R) induces an isomorphism of cohomology rings 

n : H*(u,C) ^ Hj,R(Me,C) . (36) 
Composing this map with the natural isomorphisms 

HJ,R (Me , C) ^ H* (Me , C) ^ H* (9, C) 
gives thus a linear isomorphism 

ne : H*(u,C) ^H*(9,C) . (37) 

Since Aut(9) acts on U(M) by algebraic automorphisms, it also acts through 
smooth maps on Mq. Moreover, the isomorphisms n and uq are compatible 
with the induced cohomology actions of Aut(9) on H*(u, C), HQj^(Me,C) and 
H*(9,C). 

A similar picture carries over to our general situation where we start with a 
torsion- free polycyclic-by- finite group F. We explain now some geometric con- 
structions which extend the above picture from the case of torsion-free nilpotent 
groups to the more general situation. These constructions are closely connected 
with the algebraic setup discussed so far in this paper. 

Let Hr be the algebraic hull of F, S a maximal Q-closed d-subgroup, and U 
the unipotent radical of Hp. We have Hr = U • S. We report from |Sj the 
construction of the standard F-manifold Afr- To construct this manifold we 
write a 7 e F (uniquely) as 7 = us with u e U(Q), s E S(Q) and set 

7*a; :=usa;s^^ =7xs"^ (a: £ U(M)). (38) 

As noted in 0, this establishes a fixed-point-free, differentiable and properly 
discontinuous action of F on U(]R). Moreover, the quotient space 

Mr = F\U(M) 

is a compact C°°-manifold and an Eilenberg-Mac Lane space of type K{T, 1). 

We now explain how to calculate the complex cohomology of Mr , and hence the 
cohomology of F. Let u denote the Lie algebra of U, and let JCu be the Koszul- 
complex of u (see Section ri3.1ll . We let S act by conjugation on U and by the 
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adjoint action on u and JC^. Let /C^ C /Cu denote the differential subcomplex of 
invariants for S. Now, as is proved |S1 §3], the obvious map 

n:H*(/Cu,C)^^H^,R(Mr,C). (39) 

is an isomorphism of cohomology rings. 

We explain next how Aut(r) acts on the above cohomology spaces. Let S 
Aut(r) and $ be its extension to an algebraic automorphism of Hr. We choose 
a W0 G U{Q) with the property that <i>(S) — w^Sw'^^ and set 

X^x) = <i>{x)w^ (x e U(R)) . (40) 

This defines a C°°-map : U(M) U(R). A straighforward computation 
yields that 

X47*a:) = 0(7)*X^(x). (41) 

This shows that the map X^ descends to a map X^ : Mr Mr- 
Let 

Zu(S) := { w e U I vsv-^ s for aU s e S } 

be the centralizer of S in U. This is a Q-closed subgroup of U. Note that the 
similarly defined normalizer of S in U is in fact equal to Zu(S). Multiplication 
from the right defines an action of Zu(S)(R) on U(]R) which commutes with the 
action of F on U(K) defined in (|38() . Since Zu(S)(K) is connected, this action 
is homotopically trivial, and so is the induced action on Mr- 

Let 0, V' € Aut(r) be automorphisms. A straighforward computation shows 
that X^ o Xjf, differs from Xcj^oip by an element of Zu(S)(M) acting on U(R). 
This shows that X^ o X^ and X^ot/j are homotopic maps, as well as the maps 
X^oX^ and X^o^p- In particular, this implies that, via the maps X^, (p g Aut(r), 
we obtain an action of the group Aut(r) on the cohomology spaces HJj)j^(Mr, C) 
and H*(A/r, C). The de Rham isomorphism 

r : H^,R(Mr,C)^H*(Afr,C) (42) 

is obviously equivariant. Since Mr is a K{T, 1), there is an isomorphism (com- 
pare [m Theorem 11.5]), 

I : H*(A/r,C) ^ H*(r,C) . (43) 

The isomorphism I is natural with respect to the pairs {X^,4>). (For this, 
property 1)41(1 is essential, as is explained in 28 .) In particular, I is Aut(F)- 
equi variant. 

The group Auta(Hr) of algebraic automorphisms of Hr stabilizes the unipotent 
radical U, and hence it acts on u and JCu- Since the group of inner automor- 
phisms Innu acts trivially on H*(/Cu,C), we obtain an action of Auta(Hr) — 
Innu • Auta(Hr)s on H*(/Cu,C)^. Here Auta(Hr)s stands for the stabilizer of 
S in Autci(Hr). In particular, identifying Aut(F) as usually with a subgroup 
of Auta(Hr), this constructs a representation of Aut(F) on H*(/Cu,C)^. The 
isomorphism (|39|l can then be easily seen to be Aut(F)-equivariant. 

Let us define 

nr = lor on : H*(/Cu,C)^ ^ H*(F,C) . (44) 

We have proved: 
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Proposition 13.3 Let T be a torsion-free polycyclic-by-finite group. The iso- 
morphism nr : H*(/Cu,C)^ — > H*(r,C) is equivariant with respect to the action 
o/Aut(r) 071 H*(/Cu, C)^ (as defined above) and the natural action onH*(r,C). 

13.3 Rational action of Out„(Hr) on H*(r,C) 

As remarked before, the cohomology H*(r, C) carries a natural Q-structure 
induced by the coefRcient homomorphism H*(r,(Q)) H*(r,C). Thus, in par- 
ticular, the group GL(H*(r,C)) attains the natural structure of a Q-defined 
group. We discuss now the naturally defined Q-structure on H*(/Cu, C}^. 
Note first that the Lie algebra u is defined over Q. This means, there exists 
a Q-Lie algebra uq such that u = uq ® C is the scalar extension of uq. The 
Q-subalgebra uq is called a Q-structure on u. ft is induced by the Q-strucure on 
Hr (or, equivalently, by the unipotent shadow Q of F) on u. (For related details 
concerning Q-structures on nilpotent Lie algebras and unipotent groups one 
may consult jSHIEl-) Since u is defined over Q, we obtain a rational structure 
for the vector space /Cu of the Koszul-complex of u, and all differentials are 
defined over Q. Since S is Q-closed in Hp, it follows that the complex /C^ and 
its cohomology vector spaces H*(/C^ , C) inherit a natural Q-structure from /Cu, 
representing GL(H*(F,C)) as a Q-defined linear algebraic group. 

Recall the construction of the Q-defined algebraic structure of Auta(Hr) which 
is discussed in Section f3.ll ft is obtained by taking the natural quotient Innu xi 
Auta(Hr)s Auta(Hr). Since, by definition of its algebraic structure, the 
natural representation of AutQ(Hr)s on u is defined over Q, the natural rep- 
resentation of Auta(Hr) on H*(/CuiC)^ is Q-defined as well. This also implies 
that the representation of Auta(Hr) factors via a Q-defined representation ?/ of 
Outa(Hr). In particular, the induced representation of Aut(F) on H*(/Cu,C)^ 
factors through Out(F), and, taking a basis with respect to the above con- 
structed Q-structure, every element of Out(F) acts by a matrix with rational 
entries on H*(/Cu, C)^. 

Proposition 13.4 The natural representation of Out(F) on H*(F,C) is arith- 
metic. 

Proof. By construction, Out(F) is contained in the Q-defined linear algebraic 
group Or as a Zariski-dense arithmetic subgroup. Via the homomorphism ■ 
Or Outa(Hr) the representation of Out(F) on H*(/Cu,C)^ is induced by a 
Q-defined representation of Or. Let por denote the representation of Or on 
H*(F,C) which is obtained by conjugating with the isomorphism nr defined in 
(|44|l . Let p denote the natural representation of Out(F) on H*(F,C). Since nr 
is Aut(F)-equivariant, pe)p(Out(F)) = p(Out(F)) consists of integral matrices 
in GL(H*(F, C)) (with respect to a basis of H*(F, C) taken in the image of 
H*(F,Z)). 

We show that por is a Q-defined representation for the natural Q-structure on 
H*(F, C). As Out(F) is Zariski-dense in Or and consists of rational points, it fol- 
lows that the homomorphism po^ maps a Zariski-dense subset of rational points 
of Or to rational points of GL(H*(F,C)). The Galois-criterion for rationality 
applied to the case of the extension C over Q implies that por is defined over 
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Q. By ARl, we infer that the image p(Out(r)) in GL(H*(r,C)) is arithmetic 
inpor(Cr)- □ 



Proposition 113.41 proves Theorem 11.131 of the introduction. Remark that the 
kernel of p is a finitely generated group since it is an arithmetic subgroup of the 
kernel of por • 

Remark The proof of Proposition 113.41 gives no information about the ra- 
tionality of the isomorphism nr. In fact, the representation of Or might be 
trivial. 

For r = a nilpotent group, some considerations on rationality questions for 
the isomorphism ne may be found in We state here: 

Proposition 13.5 The isomorphism nr is defined over Q. 

Sketch of proof. We show that the map n : H*(/Cu,C)^ H^R(Afr,C) 
is defined over Q. This can be seen as follows. In exponential coordinates for 
U(R), the forms in /Cu(Q) define polynomial differential forms with rational 
coefficients. The de Rham isomorphism 1* factorizes over the cohomology of the 
piecewise differential forms, see VIII]. The natural map from differential 
forms to piecewise- forms, maps the forms corresponding to elements of /Cu('Q) 
into piecewise linear forms with rational coefficients. By Sullivan's P.L. de 
Rham theorem (see these are mapped into II*(Mr,Q). □ 
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